Problem Set 3: Due Friday, September 29

See the course website for homework policy.

1. Let V be a finite dimensional real vector space equipped with a positive definite symmetric
bilinear form -. Let A be a discrete additive subgroup of V' with Spang(A) = V. Define G to
be the group of linear transformations g : V-— V with g(u) - g(v) = u-v and g(A) = A.

(a) Show that G is finite.
(b) Show that, for g € G, we have Trg € Z.
(c) Let dimV =2 and let g € G. Show that g has order 1, 2, 3, 4 or 6.

2. This problem will explore a representation where the «; and «; are not linearly independent.
V and VV be 3 dimensional, written as column and row vectors respectfully, and take

1 -1 0 0
1= 0 Qo= 0 Q3= 1 o= -1
0 1 0 1

aY=[2 0 0] ay=[-2 0 0] a¥=[0 2 0] ay=[0 -2 0]
We define D = {z € V¥ : (z, ;) > 0}. Recall that s; acts on V¥ by s;(z) = = — (z, a5)er).
(a) Show that the matrix A;; = (o, a;) is a Cartan matrix. What are the m;;?
(b) Let V}Y be the affine linear space {[ﬂ} in V}Y. Show that W preserves V}".
(c) In terms of the coordinates (z,y) on V;Y, write down the action of the s; on V}Y. Give
inequalities on = and y describing Dy := D NV}".

(d) Draw and label the domains wD; in the two dimensional plane V" for several values of w.

3. This problem describes a different representation of A,_; from the one on Problem Set 2.

Let n > 3 be a positive integer. Let V' be the vector space of sequences (a;);ez such that

ai+n — @; is a constant independent of i. Let A,_; act on V by w(a); = Qoy=1(5)-

(a) Choose a basis for V', and write the matrices of s1, S, ..., S, in your basis.

(b) Give explicit vectors a; € V and o € VV such that s;(z) = z — (o, z)a;. Choose your
signs such that (o, ) is positive on the point x; = i.

(c) Compute the Cartan matrix A;; = (o, a;).
Once again, let D ={z € V"V : (z,0;) >0, 1 <i <n}.
Let V be the quotient of V by the vector space of constant sequences. Let Vi be the affine
subspace @;yn, = a; + 1 of V. Note that dim V; = n — 1, which means we can draw it for
n = 3. I'll write D for the image of D in V and D; for the intersection D N V;.

(d) For n = 3, draw D1, s1D1, soD1, s3D1, s152D1, s351D1 and s1s9s1D1 inside Vi. Draw
the hyperplanes fixed by si, so, s3.

(e) Show that V; = J wD;.
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