WORKSHEET 5: THE PRODUCT LANDS IN THE RIGHT SPACE

Let M be a k x n matrix of rank k; let M;, Mo, ..., M, be the columns of M. We’ll be working with k x k minors
of M, so we’ll abbreviate A[Ik} (M) to Ar(M).

Let1 < ¢ < g2 <--- < gx < n be the unique indices such that M, is not in the span of My, 11, My, 12, ..., M.
(Note that the span of the empty set is {0}.) We’ll call {q1, ..., qx} the right hand pivot set of M.

Problem 5.1. Show that Ay, 4,...q, (M) # 0. Show that, if 1 < 7 < ry < --- < 1, < nis a set of indices with
Ay rgeer, (M) # 0, then r, < gq for each a.

Problem 5.2. Let M, (44 1)..., be the matrix made of the last n —a+ 1 columns of M. Show that rank M,y 1)... =
#({aat 1, n}nQ).
Recall that x;(t) is Id,, + te;(;41), Where e;(;4.1) has a 1 in position (7,7 + 1) and 0’s everywhere else.

Problem 5.3. Let M be a totally nonnegative k£ X n matrix of rank k& with right hand pivot set (). Let ¢ > 0. Show
that the right hand pivot set of Mz;(t) is

QUi+ 11\ {i} ifieQ,i+1¢Q.

Q otherwise

Recall from the homework the action of the 0-Hecke monoid on k-element subsets of [n] by

Qei_{@u{z’Jrl}\{z’} i€Qit1¢Q.

Q otherwise

Let iy, i2, ..., iy be a word in the letters {1,2,...,n — 1} and let ¢y, to, ..., tx € Ry

Problem 5.4. Let M be the top k-rows of
iy (t1) - - miy (EN)-
Show that the right hand pivot set of M is [k]e;, €iy - - - €4 -

Problem 5.5. Let the element e;, e;, - - - €;,, of the 0-Hecke monoid correspond to w € . Show that the upper
right submatrices of

iy (t1) -+ @iy (EN)
have the subranks as those of M.

Finally, we explain why we call @ the right hand pivot set. Let’s define a matrix to be in rightwards reduced row
echelon form if it looks like the following:

* * 0 *x « 0 = 1 0
*+ * 0 x 1 0 0 O
*x x 1 0 0 0 0 0 O

The columns with 1’s in them are called the pivot columns.

For every k x n matrix M of rank k, there is a unique invertible k x k matrix g such that gM is in rightwards reduced
row echelon form. The pivot positions of this form will be the righthand pivot set of M.

Of course, one can work out analogous statements using leftwards reduced row echelon form (which is the standard
one in linear algebra textbooks), upwards reduced column echelon form or downwards reduced column echelon
form. These are related to My;(t), z;(t)M and y;(t) M, where y;(t) = Idp + te(;11);. Sometimes, you will need a
variant 0-Hecke action where e;QQ = Q U {i} \ {7 + 1} instead of Q U {i 4+ 1} \ {i}. It’s a good exercise to work out
these variants.
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