MATH 668 PROBLEM SET 1: DUE WEDNESDAY, SEPTEMBER 7

See the course website for homework policy.

Problem 1. Use the mathematical software package of your choice to do these computations:

(1) Write down the 6 transition matrices relating the e, h and m bases for the degree 4 sym-
metric polynomials. (These should be 5 x 5 matrices.)
(2) Expand (1 + x2)(z1 + z3) (21 + x4) (22 + x3) (22 + 24) (23 + 24) in the e-basis of Ay.

Problem 2. Let g € GL,(C), and let the characteristic polynomial of g factor as [ (z — \;).
Let ¢ be the diagonal matrix with entries A1, Ao, ..., A,. Let x : GL,(C) — C be an continuous
function which is constant on conjugacy classes. Show that x(g) = x(¢).

Problem 3. Let G be a group acting on a complex vector space V by a map p : G — GL(V).
Recall that we define the character xy of this action by xv(g) = Trp(g).

(1) Let V and W be representations of G. Define the “obvious” representation of G on V@ W

and show that xvew (9) = xv(9) + xw(9)-
(2) Let V and W be representations of G. Define the “obvious” representation of G on V@ W

and show that xvew(g9) = xv(9) x xw(9).
For the next several problems, let G be GL3(C) and let g = [ml 2 m3]. Let V be the standard
representation of G on C3.
(3) Define the “obvious” representation of G on A?V and compute x A2 v(9)

4) Define the “obvious” representation of G' on Sym?V and compute g, 21 (g).
Sym~* V'
(5) Define the “obvious” representation of G on V'V and compute yyv(g).

Problem 4. Let A and p be two partitions with [A| = |u|. Show that A < p if and only if u? < AT,

Problem 5. We recall from class the notations e, and hy:
e = Z Ty Tiy =+ Ty, hy = Z Ty Tiy * * Ty, -
11 <tp <--<ig 11 <19 < <iy,
In class we showed that each could be written as a polynomial in the others but didn’t give an
explicit formula. Remedy this by showing that

e ey €z - €L hl hQ h3 cee hk
1 e e -+ ep1 1 hr hy -+ hip
hp=det |0 1 e1 - ep ep=det |0 1 1 oo T
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Problem 6. This problem will work you through the basic properties of the power symmetric
functions; they are important but won’t come up very often for us.

Define py(z) = 3 x¥ and define py(z) = [[; pa,(z).
(1) Prove Newton’s Identity:
kek’ = €[—1P1 — €x—2P2 + €k—3P3 — - - + €1Pk—1 F Pk-
(2) Show that A ® Q is Q[p1, p2,p3; - - |-



