MATH 668 PROBLEM SET 4:
DUE FRIDAY, OCTOBER 7 BECAUSE OF YOM KIPPUR

Problem 1. The goal of this problem is to give a representation theoretic meaning to the power
sum symmetric functions. Let V = C". Let GL,, x Sy act on V®9 by:

(9,0) - (1 @V ® - @ va) = (gUy—1(1)) ® (§Vs-1(2)) @+ @ (gVUg-1(q))-

(The inverses are just to make this a left action, and aren’t important for this problem.) Let o
be a permutation in Sy with cycle lengths A1, g, ..., Ap. Let g be a diagonalizable matrix with
eigenvalues x1, x2, ..., . Show that the trace of (g,0), for this action, is py(z1, z2,...,Ty).

Problem 2. As on Problem Set 3, define @ — 8 to mean that 3 is obtained from « by adding a
vertical strip.

(1) Prove the dual Pieri formula. I recommend using the ratio of alternants formula, but
multiple proofs exist.
ersy = Z Sp-

A=
lul=IA+k

hkS,\ = Z Sp-

AT
[|=|A|+k

(2) Prove the Pieri formula:

Problem 3. Let A = (A1, A2, ..., \¢) be a partition. We define a special rim hook tableau to
be a labeling of the boxes of A with the colors 1, 2, ..., £ such that
(1) In each row and column, the numbers increase weakly from left to right and top to bottom.
(2) The set of boxes of each color is either connected or empty, and contains no 2 x 2 boxes.
(3) If the color k is used, then the lower-left-most box colored k is in column 1 and row k.

For example, here are the 6 special rim hook tableau of shape (6,5, 3):

clafajafafafafafafal22](a[afaja]a]a][a]2]2][2]2]2][1][1]1]1][3][3][1][2]2][2]3]3]
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And here are the 6 special rim hook tableau of shape (2,2,2):
L[] 2][1]1][2]2][1][3][2]3
2[2][2]2][213][2]3]|2]3][2]3
3[3][3]3][3]3][3[3][3]3][3]3]

Let ¢;(T") be the number of j’s in T, and let 2(T") be the number of places where T" has two vertically
stacked boxes with the same entry. Show that:

sx =Y (=1)" ey by -+ ey
T

Turn over for one more problem!



Problem 4. Let A be an n X n matrix of nonnegative integers. There are (27:1__12) paths through this

matrix from A1y to Apy, where each step either moves from A;; to Aj(jyq) or from A;j to Agyq);
For example, the diagram below shows the 6 paths in the case n = 3:

[An>=Ap=Ai| [An=An Ais| [An=An Asg]
Ao Aa Av23 An Av22 > Agg An Av22 Ass
| Az1 Az At,?, | [ A1 Az At)?, | | Asn Av32 > Ass |
(A A A | [An A A | [An A Agg ]
Av21 > Agg > Ao Av21 > Agy Ao Av21 Agg Az
| As1 Asg Ai?, 1 [ As Av?)z =Az3 | | Ail > Agzp > Asz |
We define L(A) to be the maximum of max, (Z(l ey Aij) where the maximum runs over these
(27?__12) paths. For example, in the n = 3 case,

L(A) = max(An +Aip+ A3+ Axz+Ass, Aii+Ain+Axn+ A+ Asz, A+ A+ A+ Az + Ass,
A1+ Aoy + Ago + Agg + Aszz, Aur + Ao + Asg + Ago + Ass, A+ Agr + Az + Asp + Ass).
(1) Use the RSK bijection to turn A into a pair (7,U) of SSYTs of shape A. Show that

M = L(A).
(2) If A is a permutation matrix, meaning that there is a permutation w such that A,;); = 1

and A;; = 0 for all other (4, j), what is the relation between L(A) and the longest increasing
subsequence of w?



