
MATH 668 PROBLEM SET 8:

DUE ?????

Problem 1. (1) Write down bases for
∧2C3 and Sym2C2.

(2) Write down the matrix for the natural action of g =
[ g11 g12 g13
g21 g22 g23
g31 g32 g33

]
on

∧2C3.

(3) Write down the matrix for the natural action of g = [ g11 g12g21 g22 ] on Sym2C2.

Problem 2. This problem works through the main results about Schur-Weyl duality, which con-

cerns the relationship between GLn(C) and Sn representations. Let T =

[
t1

. . .
tn

]
be the torus in

GLn. If V is any algebraic representation of GLn, then let V1···1 be the subspace on which T acts
by the character (1, 1, . . . , 1). (This may be 0-dimensional.)

(1) Show that Sn ⊂ GLn maps V1 to itself.
(2) Let λ be a partition and let Vλ be the corresponding polynomial representation of Vλ. Show

that (Vλ)1···1 is nonzero if and only if |λ| = n. For λ a partition of n, define Wλ = (Vλ)1···1.

Let R be the n2-dimensional polynomial ring C[x11, x12, . . . , xnn]. I’ll write 1···1R1···1 for the sub-
space of R where T acts by character (1, 1, . . . , 1) for both the left and right action of T , and I’ll
write R1···1 for the subspace where T acts by (1, . . . , 1) from the right.

(3) Show that 1···1R1···1 ∼= CSn as an Sn × Sn representation. Show that R1···1 ∼= (Cn)⊗n as a
GLn × Sn represenation.

(4) Show that 1···1R1···1 ∼=
⊕
|λ|=nWλ ⊗W∨λ as an Sn × Sn representation. Show that R1···1 ∼=⊕

|λ|=n Vλ ⊗W∨λ as a GLn × Sn representation.

(5) Using the identity CSn ∼= 1···1R1···1 ∼=
⊕
|λ|=nWλ ⊗W∨λ , show that the Wλ are a complete

list of the irreducible representations of Sn.

Problem 3. This problem studies the Young symmetrizer. Let λ be a partition of n. Choose
a numbering of the boxes of λ by [n]. Let SR ⊂ Sn be the subgroup which permutes the boxes
within rows, so SR ∼=

∏
Sλk ; let SC be the subgroup which permutes the boxes within columns, so

SC ∼=
∏
SλTk

. We begin with some pure combinatorics:

(1) Let π be a permutation in Sn. Show that exactly one of the following is true: Either π
factors as ρσ for ρ ∈ SR and σ ∈ SC , or else there are two boxes i and j in the same column
such that π(i) and π(j) are in the same row.

We define αλ =
∑

σ∈SC
(−1)σσ and βλ =

∑
ρ∈SR

ρ, as elements of the group algebra.

(2) Show that, for any permutation π ∈ Sn, we either have βλπαλ = ±βλαλ, or else βλπαλ = 0.
(3) The Young symmetrizer is defined as ωλ := βλαλ. Show that ω2

λ is a scalar multiple of ωλ.


