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ooo Statisticalphysiesin
Dimer models ⇒ free fermions (Ising )
VertexAau models → Conformal field theory (Potts . . .)

• CE= allows to look at statisticalmodels

in a completely different manner
mutation = change the model locally while preserving

properties .

•• Continuum/Thermodynamic limit : limitshapes



Plane : ( 2 lectures)
• Statistical Physics
• T-system (octahedron eqn ) and cluster Algebra
• Toy case : the A , T- system

solution via flatconnection/Networks/Diners
• General case : the Aa T-system
solution /Networks/Domino Tilings ofthe Aztec diamond
• Limit shapesII: arctic circle from cluster algebra

• arctic circle • generalization to periodic weights
• Limit shapesI : arctic circle from the tangentmethod

• arctic circle • beyond diners : osculating paths
(GV, 20V)



Statisticalphysics
• States = configurations
• ( local) energies = weights
• Partition function Z := Efa

,

Itweights

oooo Thermodynamic (continuum limit)
size → a mesh→ O

• Critical phenomena = singularities
in the thermodynamic limit



cbesterAlgebraiarmainexample.aeT- system ( octahedron ) relations :

T.j.hu/gj.k-i=I.j-i,kI.j-i,ea+Iti,j,kIt.j
discrete

{
X.j ) = space €2)

time evolution :

( 2+1 dim 'n .)
k = time ( Z)

• initial (Cauchy ) data = " stepped surface "

{ I.j , Kaj Ilka.jo - kgjt.lk#i,j-kgjl=t}



• Flat initial data
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•
" octahedral " evolution
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Boundarycarditions
• none

" A T- system
"

• half- space " Aq T- system
"

azo

(above a plane) ( To,j,k=1 )

• strip
"Ar T- system of Ertl

(between 2planes) (To,j,k=T⇒j,k=1)



tycase:A,T-syst#
• 1 layer between the planes 2=0 and x= 2
To
, j ,k

= Tz
, j ,k
= 1 Tj,k = Tj,k

• octahedron relation becomes (1+1 dim 'n )

Tj,ht, Tj,k- i = Tjti,k Tj- i. k t t
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• Flat initial data
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assigned initial values of T at
each of these vertices .



• Evolution
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• Evolution → another admissible initialdata
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Associatedclusteralgebra
• quiver = orient all edges up

for
•
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Associatedclusteralgebra
• quiver = orient all edges up

for-

EE.¥99 . . .

- - -

• • • •

• cluster = corresponding chit-data
.•

t
- s t- z th tz ts

- - - -Yoo Moo
- - - .

• •

t
-i
t
, • •

t
- 4 t

-z
t
z

te
.



Q: express Tj ,k in terms of any given
initial data

A : Flat connection ( integrability) .
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Q: express Tj ,k in terms of any given
initial data

A : Flat connection ( integrability) .
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Q: express Tj ,k in terms of any given
initial data

A : Flat connection ( integrability) .
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Q: express Tj,k in terms of any given
initial data

A : Flat connection ( integrability) .

CONSERVATION LAWS !
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evolved Tj ,k
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Proof compute the relevant quantity on the
"

pyramid
"

configuration
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→ Urban renewal
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tsystem • same idea = producea flat
connection

( A , case : u= v= l ; 2=1 ) -















• Proof = the same : compute the quantity
on the joyramid .

" configuration
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c

: flat initialdata
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Arcticcircle

=G-Boot.





















Arcticcurvesi.ae#ath-basedapproach-
• Start from a formulation in terms of
mon- intersecting lattice paths
PHASES a frozen = regular④ or no path

{
a disordered Effy

• arctic curve = sharp separation between phases



Our case study : domino things ofche Aztec
#iamad



Thetangentmdhod

some portion of8 is
the limiting outer envelope
of the pathsays



• move the outer path end
• use it as probe of 8



The tangent method :
•



ApplicatiartothedominokhngsofCheAztecdiama#

in

normalization
by Zn --- Znin
( partition. function oftheDT)



Canputiugbhepaatitiafuuotiartt
= L - U (Kuni - lower ; U-upper) .



almost same
as A

→ same L as A !

→ almost same U !
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carclusions.articcurveqb-yaddmers.ae
The T- system solution with flat initialdata
II.jp = 1 ( itj=0 mod 2)

T
=
M (ixjeo mod 2)isji i#± , z±
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• The ASMs express the Laurent property ofc.A .

Ai
,j E LO , I I } t alternance condition along rows

and columns → O . -07 o- -O - I O - -O lo - - o - I o - -o to--o

• generalize permutation matrices
• X - determinant (here with 1=1)
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More questions :
• general 6 Vertex ? Carteray from dinnerpoint)

• other models ?

More answers :

• The tangentmethod applies to interacting paths
e.g . 6 Vertex

,
20 Vertex w/ integrable weights

+ *



GV model = osculating paths

te * *. # ¥ #
t t t t t t
20V model = osculating Schroder paths

* * * *
1 1 9 g



N = 200 N= I 00

20V model =
"osculating Schroder paths

"



To Conclude

cluster algebra → limit shapesr >

A
,

→
networks! T

- Non- intersecting paths v

2
' a tangentmethod

•
' t 7
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s osculating paths f

ASM = 1 particular ex of Laurentphenomenon
generalize ?




