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Flip theorem (G., 2020)
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The number of pipe dreams for ZH,V equals the
number of pipe dreams for Z 180◦(H),V.

Problem
Find a bijective proof.
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Positroid varieties

Gr(k , n) := {V ⊆ Fn | dim(V ) = k}

= {full rank k × n matrices}/row operations.

Gr(k , n) is stratified into positroid varieties. Here’s the most interesting one:

Π◦k,n := {X ∈ Gr(k , n) | ∆1,...,k(X ),∆2,...,k+1(X ), . . . ,∆n,...,k−1(X ) 6= 0},
where ∆I (X ) =maximal minor of X with column set I .

Example
k = 2, n = 4:

Π◦k,n
∼=
{(

1 0 a b
0 1 c d

)∣∣∣∣a 6= 0, d 6= 0, ad − bc 6= 0

}
.

Number of such matrices over Fq:

#Π◦k,n(Fq) = (q − 1)2(q2 − (q − 1)) = (q − 1)4 + q(q − 1)2.
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Theorem (G.–Lam, 2020+)

Assume that gcd(k , n) = 1. Then

#Π◦k,n(Fq) = (q − 1)n−1 · Catk,n(q), where Catk,n(q) =
1

[n]q

[
n

k

]
q

is the rational q-Catalan number.

Alternatively: the probability that a random point of Gr(k , n;Fq) belongs to Π◦k,n(Fq) is

(q − 1)n

qn − 1
.

Proof: knot theory.

For q = 1, the Catalan (n − k = k + 1) and Fuss-Catalan (n − k = mk ± 1) cases are due to
David Speyer.

Forthcoming (G.–Lam, 2020+): a q, t-version.

[LS16] Thomas Lam and David Speyer. Cohomology of cluster varieties. I. Locally acyclic case.

arXiv:1604.06843.

[GL19] Pavel Galashin and Thomas Lam. Positroid varieties and cluster algebras. arXiv:1906.03501.

https://arxiv.org/abs/1604.06843
https://arxiv.org/abs/1906.03501
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Philosophy

Stochastic colored
6-vertex model

qk(n−k)Z id
k,n(x, 0) = #Π◦k,n(Fq)

y→ 0

Π◦k,n ⊆ Gr(k , n)

count points over Fq

Common generalization?

Flip theorem as y→ 0: ZH,V(x, 0) = Z 180◦(H),V(x, 0)

– lifts to the Gr(k , n) level
Proof of flip theorem (Yang–Baxter and Hecke algebra)

– also lifts to Gr(k , n):
[MS16] Greg Muller and David E. Speyer. Cluster algebras of Grassmannians are locally

acyclic. Proc. Amer. Math. Soc., 144(8):3267–3281, 2016.
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Same recurrence

[MS16] Greg Muller and David E. Speyer. Cluster algebras
of Grassmannians are locally acyclic. Proc. Amer.
Math. Soc., 144(8):3267–3281, 2016.
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Open problems

Find a common generalization of the 6-vertex model and positroid varieties.

Clarify the relationship with (bumpless, etc) pipe dreams from Schubert calculus.

How is the flip theorem related to the geometric RSK?

[Dau20] Duncan Dauvergne. Hidden invariance of last passage percolation and
directed polymers. arXiv:2002.09459.

https://arxiv.org/abs/2002.09459
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Thank you!
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Hπ = H
Vπ = V =ZH,V(x, y) Z 180◦(H),V(x, rev(y))

Hπ′ = 180◦(H)

Vπ′ = V


