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© Kuo Condensation
© Main Result: Double-Dimer Condensation
© !deas of Proof

e Non-tripartite pairings

2/ 25



Kuo condensation

e Today G = (V4, Vo, E) is a finite bipartite planar graph.
o Let ZP(G) denote the partition function.

e O
ZP(G)=xyz+x+z X
O

Theorem (Kuo04, Theorem 5.1)

Let vertices a, b, c, and d appear in a cyclic order on a face of G. If
a,c € Vj and b,d € V5, then

ZP(6)ZP (G —{a,b,c,d})=ZP (G —{a,b}) Z° (G — {c,d )+Z°(G —{a,d ) ZP (G — {b,c}))
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Kuo Condensation

Theorem (Kuo04, Theorem 5.1)

Let vertices a, b, c, and d appear in a cyclic order on a face of G. If
a,c € Vp and b,d € V5, then

ZP(6)ZP (G —{a,b,c,d})=ZP (G —{a,b}) Z° (G —{c,d)+Z°(G —{a,d ) ZP (G — {b,c}))

Examples of non-bijective proofs:

@ Fulmek, Graphical condensation, overlapping Pfaffians and superpositions of
Matchings

@ Speyer, Variations on a theme of Kasteleyn, with Application to the TNN
Grassmannian

Theorem (Desnanot-Jacobi identity/Dodgson condensation)

det(M) det(M;4) = det(M}) det(M/) — det(M/) det(M;)

M{ is the matrix M with the ith row and the jth column removed.



Applications of Kuo's work

@ Tiling enumeration
New proof of MacMahon's
product formula for the
generating function for plane
partitions that are subsets of
an r X s x t box.

@ Cluster algebras
(LM17) Toric cluster
variables for the quiver
associated to the cone of the
del Pezzo surface of degree 6

Main result. An analogue of Kuo's theorem for double-dimer configs.

Application: A problem in Donaldson-Thomas theory and
Pandharipande-Thomas theory (joint work with Ben Young and Gautam
Webb)



Double-dimer configurations

N is a set of special vertices called nodes on the outer face of G.

Definition (Double-dimer configuration on (G, N))

- Configuration of
@ / disjoint loops
@ Doubled edges
@ Paths connecting nodes in pairs
Its weight is the product of its edge weights x 2°

fopsiad B = =3=3 BN P
Ei T Di,
1 !-DS =i =t
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Tripartite pairings

Definition (Tripartite pairing)

A planar pairing o of N is tripartite if the nodes can be divided into < 3
sets of circularly consecutive nodes so that no node is paired with a node
in the same set.

3 2 1 12 2 1 12
3 11
4 4 10
5 11 5 9
6 10
g ¢ 6 7 8
Tripartite Not tripartite

We often color the nodes in the sets red, green, and blue, in which case o
has no monochromatic pairs.

Dividing nodes into three sets R, G, and B defines a tripartite pairing.
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Main Result

ZPP(G,N) denotes the weighted sum of all DD config with pairing o.

Theorem (J.)

Divide N into sets R, G, and B and let o be the corr. tripartite pairing.
Let x,y,w,v € N such that x <w € Vi andy <v e V,. If {x,y,w,v}
contains at least one node of each RGB color and x,y,w,v appear in
cyclic order then

ZDD(G N)ZDD (G N—{X y,w, v})f

T xywv

Z22(GN={x,yNZ27(G, N—{w,v}) + Z27(G. N~ {x,v})Z;7(G,N—{w, 1)

Example.
z(,DD(N)zDD (N-1,2,5,8) = Z2°(N—1,2)Z2°(N —5,8)+ ZP°(N —1,8)ZP°(N -2
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Main Result

ZPP(G,N) denotes the weighted sum of all DD config with pairing o.

Theorem (J.)

Divide N into sets R, G, and B and let o be the corr. tripartite pairing.
Let x,y,w,v € N such that x <w € Vj andy <v € Vo. If {x,y,w, v}
contains at least one node of each RGB color and x, y,w, v appear in
cyclic order then

ZDD(G N)ZDD (G N—{X,y, w, V}):

T xywv

ZPP(G,N—{x,y})ZE2(G,N—{w,v}) + Z2°(G,N—{x,v})Z2°(G,N—{w,y})

Owv

Example.
ZED(N)ZDD (N-1,2,5,8) = Z2°(N—1,2)Z2°(N —5,8)+ ZP°(N —1,8)ZP°(N -2

1258 . g12 058 0'18 B 25 .
Fogeted i Lope sted: Foge Lo e Fope:
g it::z mHHz 8imm§ im nasgese
I

7ol
Sm

S BS VIS T 1! T I
1 O a0 10
We only need the two nodes of the same RGB color to_be opposite in BW color,
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Corollaries

Theorem (Kuo04, Theorem 5.1)

a
C

G. Ifa,c e Vi and b,d € V5, then

4" | et vertices a, b, c, and d appear in a cyclic order on a face of

ZP(6)ZzP(G—{a,b,c,d})=ZP (G —{a,b}) Z° (G —{c,d)+Z°(G —{a,d ) ZP (G —{b,c}))

Theorem (J.)

Let x,y,w,v € N such that x < w € Vi and

y <v eV, If{x,y,w,v} contains at least one node

of each RGB color and the two nodes of the same RGB
color are opposite in BW color then

ZDD(G N)ZDD (G - {X,yv w, V}vN - {vav w, V}) =

O xywv

ZDD(G 7 {X Y}7N 7 {X y})ZD?(G - {W7 V}7N * {Wa V})+

Oxy

Z20(G = {x, v}, N = {x,v})Z20(G — {w,y},N — {w,y}) )

Twy

L3,

REstees

L
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Corollaries

Theorem (Kuo04, Theorem 5.1)

a
C

G. Ifa,c e Vi and b,d € V5, then

4" | et vertices a, b, c, and d appear in a cyclic order on a face of

ZP(6)ZzP(G—{a,b,c,d})=ZP (G —{a,b}) Z° (G —{c,d)+Z°(G —{a,d ) ZP (G —{b,c}))

Theorem (J.)

Let x,y,w,v € N such that x < w € Vi and

y <v eV, If{x,y,w,v} contains at least one node

of each RGB color and the two nodes of the same RGB
color are opposite in BW color then

ZDD(G N)ZDD (G - {X,yv w, V}vN - {vav w, V}) =

Gxywv

ZDD(G - {X Y}7N - {X y})ZD?(G - {W7 V}7N - {Wa V})

Oxy

Z20(G = {x, v}, N = {x,v})Z20(G — {w,y},N — {w,y}) )

Twy

=
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Corollaries

Theorem (Kuo04, Theorem 5.2)

a d [ et vertices a, c, b, and d appear in a cyclic order on a face of
c p G. Ifa,c€ Vi and b,d € V3, then

ZP(6)ZP(G—{a,b,c,d})=ZP(G—{a,d}) ZP (G —{b,c})-ZP(G —{a,b}) Z°(G — {c,d})

v

Theorem (J.)

Let x,y,w,v € N such that x <w € Vi andy <v € V,. If {x,y,w,v}
contains at least one node of each RGB color and the two nodes of the
same RGB color are the same in BW color then

ZED(Ga N)Zo—DXyDWV(G - {X,}/7 w, V}a N — {ny, w, V}) =
ZUDXyD(G - {Xay}7 N — {XJ/})ZUDW?(G - {W) V}7 N — {Wa V}) -
Z22(6 — {x, v}, N = {x,v})Z22(G — {w,y},N — {w,y})
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Corollaries

Theorem (Kuo04, Theorem 5.2)

a d [ et vertices a, c, b, and d appear in a cyclic order on a face of
c p G. Ifa,c€ Vi and b,d € V3, then

ZD(G)ZD(G—{a,b,qd}):ZD(G—{a,d})ZD(G—{b,c})—ZD(G—{a,b})ZD(G—{c,d}))

Theorem (J.)

Let x,y,w,v € N such that x <w € Vi andy <v € V,. If {x,y,w,v}
contains at least one node of each RGB color and the two nodes of the
same RGB color are the same in BW color then

ZED(Ga N)Zo—DXyDWV(G - {X,}/7 w, V}a N — {ny, w, V}) =
ZUDXyD(G - {Xay}7 N — {XJ/})ZUDW?(G - {W) V}7 N — {W7 V}) -
Z22(6 — {x, v}, N = {x,v})Z22(G — {w,y},N — {w,y})
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Background: Double-dimer pairing probabilities

2 6
= (113|5
@ Pr (2 ‘ 4 ‘ 6) = X1,4X25X36 + X1,2X3.4X5.6

4
<= (1(3]5|7
Pr (8‘4‘2‘6> = X1,8X34X52X7,6 — X1,4X3,8X52X76 + X1,6X3,4X58X72
—X1,8X3,6X52X7.4 — X1,4X36X58X72 + X1,6X38X52X74

Definition (KW11a)

ZP(GEY) BW ,
Xij= WEJW)' where G®"Y C G only contains nodes that are black and

odd or white and even.

%%@ﬁj

G = GBW GBW GBW
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@ X;;=0ifiand j have the same parity

=~ (1|3|5]7
Pr (8 ‘ 2 ‘ 5 ‘ 6) = X1,8X34X52X76 — X1,4X38X52X7,6 + X1,6X34X58X7,2
—X1,8X3,6X52X7.4 — X1,4X3,6X58X72 + X1,6X38X52X74

e Each term in ﬁr(a) is of the form
X; = ][ Xij, where 7 is an odd-even pairing.
(ij)er
@ Kenyon and Wilson made a simplifying assumption that all nodes are
black and odd or white and even.

Theorem (KW11a, Theorem 1.3)

ﬁ’\r(a) is an integer-coeff homogeneous polynomial in the quantities X ;
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Background: Determinant formula

Theorem (KW09, Theorem 6.1)

When o is a tripartite pairing,

Pr(o) = det[1;; RGB-colored differently X:J]J:},é)a%g; },7(,(2,,_1)-
1
2 6 X6 0 Xia
(‘ ‘)—X36X32 0
3 5 X502 Xs4
4

. ZPP(G,N) . . . :
Since Pr(o) := (Z0(GBW))2" the idea of the proof is to combine K-W's

matrix with the Desnanot-Jacobi identity:

det(M) det(M;4) = det(M;) det(M/) — det(M/) det(M))

13 / 25



Z2°(N)ZP28 (N—1,2,5,8) = ZPP(N—1,2)Z22(N—5,8)+ Z22(N—1,8)Z22 (N —2,5)
Iz geded i Losele I i iz gededf Logel I
°E = I.ﬂ ;8 i: “E , e t:ﬁl 8 .o I
1ol oo .o
AL === EMM i !
1 o1 =an Iil
X18 )G_4 X1,6

X3g X34 0 X3,6
Xsg 0 Xso O
0 X7a X720 X7

M =

det(M) det(M;’3) = det(M}) det(M3) — det(M3) det(M])

ZDD(N)
(ZP(GEW))? d

14 / 25
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ZPP(G,N —{2,5 X8 Xia Xie
det(M33) ; o2 ( D BW{ 5 }), where M—? = X373 X374 X376
(ZP(GBW)) 0 X4 Xog

I 1

catisesy:

itl
. ;mg

@ The nodes are not numbered consecutively.
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» ZPP(G,N —{2,5 Xig X4 Xie
det(M3) ((ZD(GBW{))Z }), where M—? = (X373 X374 X376

0 Xra Xip6
(Loeboey ilHﬁ‘lH
8?@32 68Hm
SE3L8 45
1 1 32

@ Relabel the nodes.
@ Node 2 is black and node 3 is white.
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, ZPP(G,N —{2,5}) Xig Xia Xie
det(M3) = =22 -~ L7 where M3 = | X X X
M ey T X
(Loeboey iMh : Sogube
eri By ey B ’

[ 5ol
wﬂz*g; i,
zmzz 110

o8
itl
. ;mg

@ Add edges of weight 1 to nodes 2 and 3.
ZP(GEY)
ZD(GBW)
different entries!

@ Since X;; = the K-W matrix for this new graph will have

Observation. We need to lift the assumption that the nodes of the graph
are black and odd or white and even.

15 / 25



Our Approach

@ When th% nog‘e; are black and odd or white and even, G = GBY,
- Z7(65T) _ ZP(Gy)

"o ZD(GBW) Zb(G) -

Z"(Giy) 5

—— let P =2 =

70(G) and let Pr(o) (Z5(G))?

o We esta{)lish analogues of K-W without their node coloring constraint.

2 6
S (11315
@ Pr (2 ‘ 4‘6) = X1,4X2,5X3,6 + X1,2X3,4Xs5.6
3 5

1

2 6
5 (1]3]5
@ Pr (2‘4‘6) = Y13Y25Ya6+ Y15Y2,6Y43
3 5

4
@ X;;=0ifiand are the same parity
e Y;;=0if/and are the same color

SO

zZPP(G
ol_et\/,’]: g ( )
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~ (1|3]5 4 4
Pr <2‘4‘6> = X14X25X36 + X12X34Xs56

1 1
2@6 2 6
3 5 3 3 5
~ 11135 4
Pr (2‘4‘6) = Y13Y25Ya6 + Y15Y26Ya3

e Each term in Pr(c) is of the form
X; = ][ Xij, where 7 is an odd-even pairing.
(ig)er
e Each term in Pr(c) is of the form
Y,:= [l Yij, where pis an black-white pairing.
(ij)ep
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A disaster of signs!

Lemma (KW11a, Lemma 3.4)
For odd-even pairings p,

signoge(p) H (_1)(\i—j|—1)/2 — (_1)# crosses of p_
(id)ep

We need a version of this for black-white pairings.
Example (signoe(p))

If p= (é‘g‘i) then signgge(p) is the parity of (g % %) = (3 1 2)

How to define sign(p) if p is black-white?

Example
2 Ll o3
3 @ 7 If p= G‘gmg) signgyy(p) is the sign of (341 2).
4 5 6
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Lemma (KW11a, Lemma 3.4)

For odd-even pairings p,

SignOE(p) H (_1)(\i—j|71)/2 — (_1)# crosses Ofp.
(ij)ep

Definition

If (i,/) is a pair in a black-white pairing, let sign(i,j) = (—1)(=/l+ai;=1)/2

v

2 L 8
3 {;} ; ar3 =1, so sign(7,3) = (~1)(7-3+1-1/2 =
ag3 = 2, so sign(8,3) = (—1)(B-31+2-1)/2 — 1
4 56
Lemma (J.)
If p is a black-white pairing,
sign(N)signgy (p H sign(i, j) = (—1)# crosses of p.

(ij)ep
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Determinant Formula

Theorem (KWO09, Theorem 6.1)

When o is a tripartite pairing,
5 i=1,3,...,2n—1
Pric) = det[l;; RGB-colored differently XiJ]JI'_U(l) (") o(2n—1)

,2n—1
= S’gnOE(G) det[ll,_] RGB-colored diff XI,_[]J 2 4 .2n

Theorem (J.)

When o is a tripartite pairing,

D, . i=b )
Pr(U) = S’gnOE(U) det[lij RGB-colored differently Yi,j]_;'zvvlllb,,z\,;’“i’;,n-
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More general result

Theorem (J.)

Divide N into sets R, G, and B and let o be the corr. tripartite pairing.
Let x,y,w,v € N such that x <w € Vj andy <v € V. Then

signog(0)signoe (T )2y 0 (G, N)Z2P (G,N — {x,y, w, v})
= signog(0%,)signoe (o) 2oy (G,N — {x,y})Z2P (G, N — {w, v})
*SignOE( XV)SIgnOE( )ZCE(VD(Gv N - {Xa V})ZUDW?(Gv N — {W,}/})

Corollary

Divide N into sets R, G, and B and let o be the corr. tripartite pairing.
Let x,y,w,v € N such that x <w € Vj andy <v € Vo. If {x,y,w,v}
contains at least one node of each RGB color and x, y,w, v appear in
cyclic order then

Z2P(G,N)Z? (G, N — {x,y,w,v}) =
DD DD DD DD
Zoxy (Ga N*{XaY})ZoWV(Gv N*{Wa V}) + ngv (Gv N*{Xv V})Zgwy(Gv N*{WJ/}))
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Non-tripartite pairings

The proof of the condensation theorem required taking minors of

M = [1; j RGB-colored differently W,j]}iﬁl’,bvﬁ;;'_’f’;,n
Example.
~ 1135 0 Yia Yip
Pr (6‘2‘4) =1Y32 0 Y36 ="VY16Y32Y54— Y14Y36Y52
Ys2 Ys4 O
1
2 6
0 Yig ~
€4y — ) —
; O o de(Mg) = ’Y5,4 39| = Pr(35/62)
4

det(M*) is equal to the specialization of Pr (
Y174zland Y1J20f0r3||j7£4.

What happens if we specialize polynomials associated to nontripartite
pairings in this way?

é‘g‘i) obtained by letting
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Non-tripartite pairings

Example.

Pr(12|34(56(78) = Y1234 Y66 Yrs + Y12Ys6Ys8 Y74+ Y1.4Y36Ys2Yr 8
+VY1,4Y38Y56Y72+ Y16Y34Y58Y72 —2Y14Y36Y58Y72+ Y16Y38Y52Y74

Let Y772:13nd Y7J:Oforj7é2.

Prr2(12|34]5678) = Yi4YsgYse+ YieY34Yss —2Y14Ya6Yss
—  Pr(15/34/68) + Pr(13]48|56)
1 1
8 8
=3 + 3
4 6 4 6
5 5
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Thank you for listening!
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