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MacMahon's Theorem

Theorem (MacMahon)

i+jt+t—1

a b ¢
PPy(a,b,c) =Y q™ =T]]] %’

i=1j=1t=1

where the sum is taken over all plane partitions 7 fitting in an a X b x ¢
box.
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MacMahon's Theorem

Theorem (MacMahon 1900)

The number of (lozenge) tilings of a centrally symmetric hexagon
Hex(a, b, c) of sides a, b, c, a, b, c on the triangular lattice is

a b c . o
PP(a, b, c) :HHH%

i=1 j=1t=1
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Punctured Hexagon: James Propp’s Problem

n+l n+l

Open Problem (Propp 1997)

Find an explicit formula for the number of tilings of a hexagon of sides
n,n+1,nn+1 n,n+ 1 with the central unit triangle removed.

This is Problem 2 on his list of 20 open problems in the field of
enumeration of tilings.
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Ciucu—Eisenkolbl-Krattenthaler—Zare's cored hexagon

o Ciucu-Eisenkdlbl-Krattenthaler-Zare (2001) generalized the above
results by extending the size of the hole.

@ Unit triangle is replaced by a triangle of an abritrary side.

@ The triangular hole is at the ‘center’ of the hexagon of sides
a,b+m,c,a+ m,c+ m,b.
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Example

JAVAVAVAVAVAVA
INONININININ/N/N
INONININININININ/N
INININININININININ/N
INONININININININININ/N
NONININININININININ/N/N

NN/
\VAVAVAVAVAVAVAVAVAVAVAVA
V%VAVAVAVAVAVAVAVAVAVAV

26.32.53.7.13%.173 . 19

Tri Lai Tiling Shuffling Phenomenon



Example

JAVAVAVAVAVAVA
INONININININ/N/N
INONININININININ/N
INININININININININ/N
INONININININININININ/N
NONININININININININ/N/N

2°.7.11%2.13%.173.19 - 71
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Example

JAVAVAVAVAVAVA
INONININONIN/N/N
INONININS AVAVAVAVA
INONININE NIN/N/N/N

INONININININININININ/N
NONININININININININ/N/N

INININININININININING
\VAVAVAVAVAVAVAVAVAVAVAVA
V%VAVAVAVAVAVAVAVAVAVAV

26.11.13%.17%.19.281
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Example

JAVAVAVAVAVA
INONINININININ
INONININININININ
INININININ/NA
INININININININININ/N
A ANANNNINININININ/N
ININININININININININ/N A
(NINININININININININININ/N
A ANANNNININININININININ/N
ANNNNININININININININ/ N
ANNNNINININININININININ/ NS
A ANANNNINININININININININ/N/NA

>
K]

A ANNNINININININ/N
A ANNNINININININININININ/N
ANANNINININININININININ/N A
ANANNINININININININININ/N/ N A
ANNNININININININININININ/IN/ N A

e The left tiling number: 2°.3.73.113.13%.17
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Example

JAVAVAVAVAVA
INONINININININ
INONININININININ
INININININ/NA
INININININININININ/N
A ANANNNINININININ/N
ININININININININININ/N A
(NINININININININININININ/N
A ANANNNININININININININ/N
ANNNNININININININININ/ N
ANNNNINININININININININ/ NS
A ANANNNINININININININININ/N/NA

>
<]

A ANNNINININININ/N
A ANNNINININININININININ/N
ANANNINININININININININ/N A
ANANNINININININININININ/N/ N A
ANNNININININININININININ/IN/ N A

e The left tiling number: 2°.3.73.113.13%.17
@ The right tiling number: 2°.73.11.13%.17-2683
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Shuffling Phenomenon

@ The tiling number of punctured regions are not given by simple
product formulas.

=} =
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Shuffling Phenomenon

@ The tiling number of punctured regions are not given by simple
product formulas.

@ A small modification (in the position, orientation, side-length, etc.)
of the region would lead to unpredictable change in the tiling
number.

Tri Lai Tiling Shuffling Phenomenon



Shuffling Phenomenon

@ The tiling number of punctured regions are not given by simple
product formulas.

@ A small modification (in the position, orientation, side-length, etc.)
of the region would lead to unpredictable change in the tiling
number.

@ However, in certain cases, our modifications change the tiling
number by only a simple multiplicative factor.
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First Example: Doubly-dented hexagon
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@ Position set of upper holes U = {s1,s,...,5,} C [x+y+ u+d]
@ Position set of lower holes D = {t1,ts,...,ts} C [x+y + u+d]
@ Assume UMD = ().

@ Doubly-dented hexagon: H, ,(U, D)
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Shuffling the holes

VAVAVAVAVAVAVAN
(NININININININ/N
/NINININININININ/N
& ININININININININININ

() (b)
o U={s1,s,....,su} = U ={s],sh,...,s,
o D={ty,tp,...,.ta} = D' ={t], ), ..., t!}

e H.,(U,D)— H,.,(U,D")
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Shuffling the holes

INININININININ/N
ININININININININ/N
2 INININININININININ/N =

ININONININININININININ
ININONINININININININININ
/NINININNINININININ/NNN

'VAVAY VAVAV VAVAVAVAVA

AAVAAAAVA
EYAY VAVAVAVAVAVAVAVAV ANH
VAVAVAVAVAVAVAVAVAV

AVAVAVAVAVAVA
(@) (b)

e Tiling number of H, ,(U, D) : 2°-3%.5%.7%.20107
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Shuffling the holes

INININININININ/N
ININININININININ/N
2 INININININININININ/N =

ININONININININININININ
ININONINININININININININ
/NINININNINININININ/NNN

'VAVAY VAVAV VAVAVAVAVA

AAVAAAAVA
EYAY VAVAVAVAVAVAVAVAV ANH
VAVAVAVAVAVAVAVAVAV

AVAVAVAVAVAVA
(@) (b)

e Tiling number of H, ,(U, D) : 2°-3%.5%.7%.20107
e Tiling number of H, ,(U’,D"): 21 .3%.5%.75.20107
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Shuffling the holes

INININININININ/N
ININININININININ/N
2 INININININININININ/N =

ININONININININININININ
ININONINININININININININ
/NINININNINININININ/NNN

'VAVAY VAVAV VAVAVAVAVA

AAVAAAAVA
EYAY VAVAVAVAVAVAVAVAV ANH
VAVAVAVAVAVAVAVAVAV

AVAVAVAVAVAVA
(@) (b)

e Tiling number of H, ,(U, D) : 2°-3%.5%.7%.20107

e Tiling number of H, ,(U’,D"): 21 .3%.5%.75.20107
@ The ratio of tilings: 2 2-3.7 !
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Shuffling Theorem

AV VA VAV VAVAVAVAVAVA
V#VAXAXAVAVAXAVAXAVAVAVAVAV

\AAANANNN
(a) (b)

Theorem (Shuffling Theor

For U= {s1,%,...,s.}, D={t1,to,...,tq}, U ={s],s5,...,s,},
D" ={t{,t5,... th} of [x +y+ n], such that UUD = U"U D" and
unbD=UnNnD =0

M(HXY(UvD)) Sp — Si iy = i
Mmooy - A o= 1 = W
M(Hy, (U, D)) 19‘1}9 S =i 1<f1}<d =t
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g-Shuffling Theorem

@ A right lozenge is weighted by g*, where t is the distance to the
base of the hexagon.
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g-Shuffling Theorem

@ A right lozenge is weighted by g*, where t is the distance to the
base of the hexagon.

@ A tiling is weighted by the product of weights of all lozenges
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g-Shuffling Theorem

@ A right lozenge is weighted by g*, where t is the distance to the
base of the hexagon.

@ A tiling is weighted by the product of weights of all lozenges
@ My(R) is the sum of weights of all tilings of R
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g-Shuffling Theorem

Theorem (L. —Rohatgi 2019)

Mq(Hx,, (U, D)) c gy — g% qi — gt
s =q - — | I _—
Mg (Hx,y (U', D))

s/ - t/ .
1<i<j<u 7 797 1<icj<g 97 T 97
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Schur functions

Theorem (Shuffling Theorem)

For U={s1,%,...,s.}, D={ti,ta,...,tq}, U ={s],s5,....s,

D" = {t{,th,..., t,} of [x+y + n], such that UUD = U"U D" and
unbD=UnND =0

5= Si I1 ti—t
M(HX,y(Ua D)) o 1<i<j<u Jil 1<i<j<d Jil
M, UD) S G

— [ —
1<i<j<u J 1<i<j<d J

All products can be expressed in terms of special Schur functions.
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Schur functions

Theorem (Shuffling Theorem)

S —Si 11 Lt
M(H.,(U,D))  1<i<j<u ST cidj<a I T

M(H,, (U, D')) 0 =S 0 vt
b = 1L =
1<i<j<u 1<i<j<d

Si—Si __
° H1§i<j§u == Sa(st,...,s,) (1, 1,... ), where

sy s))=(su—u+1ls,1—u+2,..., s3—2,5%—1,5)
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Schur functions

Theorem (Shuffling Theorem)

S —Si 11 Lt
M(H.,(U,D))  1<i<j<u ST cidj<a I T

M(H,, (U, D')) 0 =S 0 vt
b = 1L =
1<i<j<u 1<i<j<d

Si—Si __
° H1§i<j§u == Sa(st,...,s,) (1, 1,... ), where

sy s))=(su—u+1ls,1—u+2,..., s3—2,5%—1,5)

_ sx(L1, 0 )sapy(L,1,.0)
@ RHS =
sx) (L1, )sxpry(1,1,..)
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Schur functions

AVV NANANNININ -
ININININININININININ/N
VAAAVAAAVAVAAAV

VAVAVAVAVAVAVA
AV AVAVAVAVAVAN
VAAAAAAAVA
& INININININININININ/N -
OSOININININININININN
ININININININININININININ
VAVAVAVAVAVAVAVAVAVAVAVA
AV VAVAV VAVAY VAVAVAVAVA

AV AVAVAVAY VVVVVAV
vVXVVVVVVVV

e M(Hx,(U,D)) =

> sy M(Scrdy+u(UU S)M(Sxtuy+a(DUS))
SC(UUD)*
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Schur functions

AV VVVV AVV NANANNNIN
VAAAAAAAVA ININININININININININ/N
2 ININININININININININ = INNININININNININININN

OSOINININININININININ
ININININININININININININ
V%XAV#XAVAVAVAVAVAVAVA

A 'VAVAVAVAVA
VAVAVAVAVAVAVAVAVAVAVAVAVAV

AV VAVAVVVVVVAV
VVVVVVVVVV >
\VAVAVAY A 3

VAVAVAVAVAVAVAVAVAVAVAVAVAY
JAV VAVAV VAVAY VAVAVAVAVAVAN

(b)

Y isiey M(Serdytu(UUS)M(Ssruy+d(DUS))

o (Cohn-Larsen —Propp) M(S.y4,,1+u(UUS)) = sxwus)(1,1,
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Schur functions

AV VVVV f ANODNNNNNNN
VAAAAAAAVA ININININININININININ/N
2 ININININININININININ = VAAAVAAAVAVAAAV

OSOININININININININN
ININININININININININININ
LNNININNININNININININN,
VAV VAVAV VAVAY VAVAVAVAVAVA
VAVAVAVAVAVAVAVAVAVAVAVAVAV
\VAVAVAVAVAVAVAVAVAVAVAVAV/
AV NINININININININININ
VVVVVVVVVV
\VAVAVAY
A A

AV 'VAVAY VAVAY ViVAVAVAVAVAN

N/
\VAVAVAVAVAVAVAV/

@
(b)
Y isiey M(Sxeaysu(UUS)IM(Seruy+a(DUS))

o (Cohn-Larsen —Propp) M(S.y4,,1+u(UUS)) = sxwus)(1,1,
® MBerurralDUS) = snoug (L 1)
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Schur functions

e M(H,,(U,D

AT AA N

LOQQPAIIIIN

JAVAVAVAVAVAVAVAVAVAVAVAVAY
\VAVAVAV/

44
<

INNINININ
VAAVAVAVAVVAVA
& ININININININININININ -
AVAVAVAVVAVVAVA

AVAVAVAVA
VAVAVAVAVAVAVAVAVAVAVAVA
VAV VAVAV VAVAV VAVAVAVAVAVAN

8 VAVAVAVAVAVAVAVAVAVAV A
\VAVAVAVAVAVAVAVAVAVAS
\VAVAVAVAVAVAVAVAV/
\VAVAVAVAVAVAVAV/

(a)

) =2 s~

SC(UUD)*

Tri Lai

AOINININININININININN
) V#VAXAVAVAXAVAVAVAVAVAV

awusy(L 1, )sapus) (1,1,
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Schur functions

JAVAVAVAVAVAVAN
VAVAVAVAVAVAVAVAN
VAVAVAVAVAVAVAVAVAN
J*nnnmmmmw/

AWKNWWWﬂA

AVAVAVAVA
wmmmmmmmumu
VAV VAVAV VAVAV VAVAVAVAVAVAN

JAVAVAVAVAVAVA
JAVAVAVAVAVAVAVAY
JAVAVAVAVAVAVAVAVAY
TAVAVAVANS

4 AA

JAVAVAVA
ﬂAﬂhAAAAAﬂb
LNNINININININININININNN,
JAV VAVAV VAVAV VAVAVAVAVAVAY
\AAANANNNNINNNINN

AOINININININININININN
quymmmmmmw

(a)

© M(Hx,(U,D)) =3 5=y sawus)(L,1,...)saous)(1,1,
SC(UUD)

> |S|=y saus) (1,1, )sxpus)(L,1,...
o LHS — M(Hxy(U.D) _ _ SC(UUD)*

( Heoy(USD)) 7 2 |sj=y  Sawrus)(Lili)syorus) (1,1
SC(UUD)*
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Schur functions

Theorem (Shuffling Theorem)

> isi=y Sawus)(L 1. )saous)(1,1,. )
SC{UUD)*

> sl=y Sawus) (L1, )saousy (1,1,
SC(UuUD)©
_ S)\(U)(l,1,...)5)‘(D)(1,1,...)
S)\(U/)(l,l,...)S)\(Dz)(l,l,...)
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Schur functions

Theorem (g-Shuffling Theorem)

> isi=y  Sawus)(9, G- )sapus)(9, 97, - - -)
SC(UUD)®

Yo isl=y  Sxawus)(9,6% ... )saprus) (9,63 - )
SC(UUD)*

c SA(U)(CI, qzv'-')S/\(D)(q, q,...)
s)\(U’)(qa q27 .. )S/\(D’)(qa q27 .. )

Question: Is there a Schur function identity behind this result?
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Generalized Shuffling Theorem

xd

ININININININ/N [ 7/ & S\
JAVAVAVAVAN /69 6
INININININT )\ VAV AN
ANNININN/ iy &% WA N
ININININININ/ /\ ‘N 69 Ve
ININININININN, /\ & S v
) W 4 B B "\ N
A\ \AAL/N AN & VN SN WA
WAYAmNaY YVe
\VAVAVAV/ \/ A\ @ "\ \\ y /
X VAV A\ V 4\ /
EAVAVAVAVAVAVAVAVAVAVAV/N VO NV /& W/
A AVA \V 4\ Y/
R Y
NV ///

() (b)

Upper position U = {s1,%,...,s,} C [x+y + n]
Lower position D = {t1, to,...,tq} C [x +y + n]
Position set of barriers B = {b;. by, ..., by}
Generalized doubly-dented hexagon: H, (U, D, B)
We now allow shuffling and flipping holes in UAD.
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Generalized Shuffling Theorem

ForU_ {s1,5,...,5u}, D=A{t1, to,..., ta}, U ={s{,s5,...,s, },
= i, By acos t!,} of [x +y + n], such that UU D = U"U D" and
UnD U'nDo

si—si ti—t;
j i J i

M(Hxy(U,D,B))  1<ici<u I 7' 1<i<j<a 47

MHUSDLE) - 525 qp 4=
S =1 11 j—i
1<i<j<u’ 1<i<j<d’
PP(u,d,y)

PP(u’,d',y)

tj+k—1
vto00) = L[] -2

i=1j=1 k=1
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Generalized g-Shuffling Theorem

¢ -9 11 9 —q"
Mo(Hey(U,D,B))  p 1<idj<u @79 1cidjca ¥ 79
MQ(HX,)’(U/V D', B)) a H qu/ = qs/‘/ H qtf _ qf//

1<i<j<u’ ¥-aq 1<i<j<d’ ¥-aq
PPq(u,d,y)
PPq(u d.,y)
/+J+k 1
PP abc HHHl_ql+J+k2
i=1j=1 k=1
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Semi-hexagon with dents

x=5

JAVAVAVAVAVA
lvVAVAVAVAAV

x+m+n=12

@ ®

Figure: The region S.((a;)™1; (bj)i1) = S5((2,4,6,7);(3,6,7)) and a tiling of
its.
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Shuffling Phenomenon

(NININININININ/N

A ANANNNNINN

A ANANINININININININININ/ N ININININININT NININININ/NA
ANNNNINNINININININININ/NA A NAANNININININININININININ/N/N S
A NANNNINNNINNININNNNA ANANNNINININININININININININ NS

o Tiling number of S5((4,6,9,10,11,12,13): (4,7,10,11,12,13)):
26.73.11.13%.17-2683
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Shuffling Phenomenon

NINININTN/N
ININININININN
INININININININ/N

NANNNNIN

VAVAVAVAVAVAV
INNINININ

VAVAVAVAVAVAVAVAVAVAVAVAVAVAV VA%X%X#X%AVXVXVAVAVAVX#AVXVX#X#XV
A NANNNINNNINNININNNNA A NANININININININININININININININN A

o Tiling number of S5((4,6,9,10,11,12,13); (4,7,10,11,12,13)):
26.73.11-13%.17-2683

o Tiling number of S;((4.6,9,10,11,12,13); (4,7,10,11,12,13)) is
28.3%4.5.133.173.19.2683
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Shuffling Phenomenon

VAVAVAVAVAVAV
INNINININ

ININININININT NININININ/NA
A NAANNININININININININININ/N/N S
A ANANNNINININININININININININ NS

VAVAVAVAVAVAVAVAVAVAVAVAVAVAV
A NANNNINNNINNININNNNA

o Tiling number of S5((4,6,9,10,11,12,13); (4,7, 10,11, 12, 13)):
20.7%3.11.13%.17-2683

o Tiling number of S,((4.6.9.10.11.12,13); (4.7.10. 11,12, 13)) is
28.3%.5.13%.17% .19 - 2683

@ The ratio of tiling numbers: 272 .37%.5°1.73.11.13.1772.19!
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How to assign weight to tilings

“"
““ 0

““‘ Ay

. . . Xq"+Y ="
(A. Borodin—V. Gorin —E. Rains) w(n) = qu
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Shuffling Theorem for symmetric tilings

Theorem (L. 2020)

Mx,v,q(Sx((ai)Z1; (bj)7-1))
Mx,v,q(Sy((ai)2y; (b7)7-1))
y X)(Z, 1a:+ZJ 1 b

_ (m+n)(m+n+1) )
2

X

ﬁ x+/ )a;filﬂ[(_q2(x+j);q2)bj—j
w1 (S0 @) (- )

where

(x;q)n = (1 +x)(1 +xq)(1 +xg*)--- (1 +xq"1).
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How to assign weight to tilings
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Shuffling Theorem for symmetric tilings

Theorem (L. 2020)

PP (y, m, n)
_C 2 2(x+i—bj)
e R AR — | I X XY
g PP (x, m, n) ta )

q2(x+j). q2)

=il
a,-filzl[ ( ! bj—j
o ( q2(y+j); q2)bj—j

Daniel Condon independently proved the unweighted case
X=Y=qg=1).
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Quartered Hexagon with Dents

JAVAVAVAVA

x+m x+m

(a) (b)

Figure: The region Q«((ai)/2;) = Q4(2,4,7,10,11,12) and a tiling of its.
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Second Shuffling Theorem

j

Figure: Two ways to assign weight to tilings of the quartered hexagon.

(X=Y=1)
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Second Shuffling Theorem

Theorem (L. 2020)

Q(QX((a) )) (y x)(>0, ai— ﬁ 22y taitl), q2)2i—a;—1

A2x+aitl); g2)oi 5 g
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Second Shuffling Theorem

\ 1\
"'é“‘ / A

NS LS AL LLL : =
z:—)m x+2r:))

Figure: Two ways to assign weight to tilings of the quartered hexagon.

Tri Lai Tiling Shuffling Phenomenon



Second Shuffling Theorem

Theorem (L. 2020)

Mq(Q;((a) 1)) q2(y X)X, ai— ﬁ 22y+ai); 1 q )2[—3;—1
M 2(2x+aj) )2’,73’_71
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Comparing two formulas

Figure: Two ways to assign weight to tilings of the quartered hexagon.

o(Q((a)71)) _ Mq(@x—1/2((a)Z4))
q(Q,C((ai):'TQ)) T Mg(Q_1/2((ai),))
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Comparing two formulas

Figure: Two ways to assign weight to tilings of the quartered hexagon.

Mg(@u((a)71)) _ Mq(Qu—1/2((a1)i24))
Mq(Qﬁ((ai)}iJ) T Mg(Q_1/2((ai),))

e But it is wrong!!!
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Comparing two formulas

Figure: Two ways to assign weight to tilings of the quartered hexagon.

Mg(Qr((a)i1)) _ Mg(Qe—1/2((ai)iZy))
Mq(Qﬁ((ai)}iJ) T Mg(Q_1/2((ai),))

e But it is wrong!!!

@ Our regions are not defined when its side-lengths are half-integers.
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Reciprocity-like phenomenon

o Let £ ,((ai),)) = m

Tri Lai
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Reciprocity-like phenomenon

Tiling Shuffling Phenomenon

Tri Lai



Reciprocity-like phenomenon

m )y — Ma(Q((a)?y)) m )y — Mq(Qi((ai)”
o Let £, ((a)71) = Wioayry) and & ((3)71)) = MEG (G-
o Then g.,((ai))1)) = fi—1/2,y-1/2((ai)1))-
@ It reminds us to the Reciprocity Phenomenon.
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Reciprocity-like phenomenon

Figure: Two ways to assign weight to tilings of the quartered hexagon.

m M(Qx i ,"; m _ M QX/ aj ,";
o Let £, ((a)1)) = fiotg=y) and ge, ((2)7)) = o).

o Then g.,((ai))1)) = fi—1/2,y-1/2((ai)1))-
@ Question: Is there a combinatorial explanation for this?
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Hexagons with a triad of bowties removed

xtatb+e

NONININNININEO NN

xta'+h'+c’

(a)

. . ihling! ragiane. P PA
Figure: Two ‘sibling’ regions: R = R}, .,

R' =R2, .(d,d' e e, f, ).

Tri Lai

x+d+etf

) NANNINNNINSINNNINN
VAAVA‘ JAVAVAAVAVAVAY | SAVAVAVAYAY/
\a / AVAV#VAJ#VAVAVAVAVAVAVAVA . A“%

vtd'+e'+f

(b)

(a,a’,b,b',c,c’) and

Tiling Shuffling Phenomenon



Preparation for the formula Shuffling Theorem

Define the “hyperfactorial” is defined by
H(n)=0!-11-21...(n = 1)L
N H(s)*H(a) H(b) H(c) H(a") H(b') H(c")

~ H(s+a)H(s+b)H(s + c)H(s — a)H(s — b')H(s — ¢’)
wheres=t+a + b + .

) H(s")* H(d) H(e) H(f) H(d") H(e") H(")

Y T H(S + d)H(s' + e)H(s' + F)H(s' — d'YH(s' — ¢/) H(s' — F')

where s’ =t+d +e +f'.
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Third Shuffling Theorem

Theorem (Ciucu-L.—Rohatgi 2019)

ka(R)ke(R)kc(R)
M(R2, (a,d’, b, b c,c’)) - W"ksf((R))ka((R))kig(R)

N / N ko (R )ke (R")kr (R’)
M(RX PV z(d? dl? e? € ? f? f )) W/ ° kEFD((R/))kFED((R/))[DE(R/)

where
Ka(R) = H(d(A, N))H(d(A, 5))
Kg(R) = H(d(B, NE))H(d(B, SW))
Kc(R) = H(d(C, NW))H(d(C, SE))
Ksc(R) = H(d(BC, N))H(d(BC, S))
Kac( (d(AC, NE))H(d(AC, SW))
Kag(R) = H(d(AB, NW))H(d(AB, SE))

\./v
A/—\

R)
R)
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Third shuffling Theorem

xtatb+e

AVAVAVA
\VAVAVAVAVAVAVAVAVAVAVAV/
x+a'+h+e!

(a)

Tri Lai

xtd+etf

AA NNNNEN/N
NANNNNN AVAAV

VVVAVAVAVVAV 'VAVAVAVAVAVAN
JAVAVAVAVAVAVAVAY 'VAVAVAVAVAVAN
INNINININT %AVAVAVAXAAAVAVAVAVAV

AVAVAAVAVAVAVAVAAVAVAVAVAVA AVAY/
\NSANANNNNINININININININNIN
\SAANNNNNINININININININ

xtd e f

(b)
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A g-analog

x+atb+e

A\VAVAVAVAVAVAVAY/

IVAVAVAVAY

xta'+h'+c!

(a)

rtdtetf

AVAVAVAVAVAVS"AVAVAVAVAN
JAVAVAVAVAVAVA. |  AVAVAVAVA

xtd' e+

(b)
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A g-analog

The ratio of tiling generating functions

Mx,y,q(Rﬁy,z(a, a,b,b',c,c))
Mx,yvq(RA, (d,d' e, e f,f))

X,Y,Z

is always given by a simple product formula.
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The end

Thank you!

Email: t1ai3@unl.edu
Website: http://www.math.unl.edu/~tlai3/
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