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The Many Faces of Alternating-Sign Matrices

James Propp†

University of Wisconsin, Department of Mathematics, Madison, WI 53706, USA

I give a survey of different combinatorial forms of alternating-sign matrices, starting with the original form introduced
by Mills, Robbins and Rumsey as well as corner-sum matrices, height-function matrices, three-colorings, monotone
triangles, tetrahedral order ideals, square ice, gasket-and-basket tilings and full packings of loops.
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1 Introduction
An alternating-sign matrix of order n is an n-by-n array of 0’s,

�
1’s and � 1’s with the property that in

each row and each column, the non-zero entries alternate in sign, beginning and ending with a
�

1. For
example, Figure 1 shows an alternating-sign matrix (ASM for short) of order 4.���
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Figure 1: An alternating-sign matrix of order 4.

Figure 2 exhibits all seven of the ASMs of order 3.�� 0 0
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Figure 2: The seven alternating-sign matrices of order 3.
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Alternating sign matrices

Definition

Alternating sign matrices (ASM) are square matrices with the
following properties:

entries ∈ {0, 1,−1}
each row and each column sums to 1

nonzero entries alternate in sign along a row/column




0 0 1 0 0
0 1 −1 0 1
0 0 0 1 0
1 −1 1 0 0
0 1 0 0 0



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Alternating sign matrix enumeration

Theorem (Zeilberger 1996; Kuperberg 1996)

n × n alternating sign matrices are counted by:
n−1∏

j=0

(3j + 1)!

(n + j)!
.

1, 2, 7, 42, 429, 7436, 218348, 10850216, . . .

This was conjectured by Mills, Robbins, and Rumsey (1983) and
proved in different ways by Zeilberger (1996), Kuperberg (1996),
Fischer (2006), and Fischer-Konvalinka (2020/2022).
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Alternating sign matrices and domino tilings

Theorem (Elkies, Kuperberg, Larsen, Propp 1992)

The number of domino tilings of the order n Aztec diamond is:

AD(n) =
∑

A∈ASMn

2(# −1s in A) = 2n(n−1)/2.

Jessica Striker (NDSU) ASM and DAC June 26, 2024



Alternating sign matrices and domino tilings

Theorem (Elkies, Kuperberg, Larsen, Propp 1992)

The number of domino tilings of the order n Aztec diamond is:

AD(n) =
∑

A∈ASMn

2(# −1s in A) = 2n(n−1)/2.
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The many faces of alternating sign matrices

ASM


0 0 1 0
1 0 −1 1
0 0 1 0
0 1 0 0




Monotone triangle
3

1 4
1 3 4

1 2 3 4

Height function


0 1 2 3 4
1 2 3 2 3
2 1 2 3 2
3 2 3 2 1
4 3 2 1 0




Six-vertex model Fully-packed loop

Order ideal
◦ ◦ ◦

• ◦ ◦ ◦
• • •

Jessica Striker (NDSU) ASM and DAC June 26, 2024



Partial alternating sign matrix bijections and dynamics
[Heuer 2024]




1 0 0 0
0 0 1 0
−1 1 0 0
1 0 −1 1




1
1 3

0 2 3
0 1 2 4




0 1 2 3 4
1 2 3 4 3
2 3 2 3 2
3 4 3 2 3
4 3 4 3 2



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A partial order on alternating sign matrices

1
1 2

1 2 3

1
1 3

1 2 3

2
1 2

1 2 3

2
1 3

1 2 3

3
1 3

1 2 3

2
2 3

1 2 3

3
2 3

1 2 3
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Tetrahedral order ideals
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A partial order on alternating sign matrices

Theorem (Elkies, Kuperberg, Larsen, and Propp 1992)

The partial order on alternating sign matrices is a distributive lattice
(that is, a lattice of order ideals) with a nice structure.

https://arxiv.org/pdf/math/9201305.pdf
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Alternating sign matrix tetrahedral poset
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Alternating sign matrix tetrahedral poset
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Alternating sign matrix tetrahedral poset

n × n alternating sign matrices are in bijection with order
ideals in this (n − 1)-layer poset.
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Alternating sign matrix tetrahedral poset

n × n alternating sign matrices are in bijection with order
ideals in this (n − 1)-layer poset.

Advances in Applied Mathematics 46 (2011) 583–609

Contents lists available at ScienceDirect

Advances in Applied Mathematics

www.elsevier.com/locate/yaama

A unifying poset perspective on alternating sign matrices,
plane partitions, Catalan objects, tournaments, and tableaux

Jessica Striker
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Alternating sign matrices (ASMs) are square matrices with en-
tries 0, 1, or −1 whose rows and columns sum to 1 and whose
nonzero entries alternate in sign. We present a unifying perspec-
tive on ASMs and other combinatorial objects by studying a certain
tetrahedral poset and its subposets. We prove the order ideals
of these subposets are in bijection with a variety of interest-
ing combinatorial objects, including ASMs, totally symmetric self-
complementary plane partitions (TSSCPPs), staircase shaped semi-
standard Young tableaux, Catalan objects, tournaments, and totally
symmetric plane partitions. We prove product formulas counting
these order ideals and give the rank generating function of some of
the corresponding lattices of order ideals. We also prove an expan-
sion of the tournament generating function as a sum over TSSCPPs.
This result is analogous to a result of Robbins and Rumsey expand-
ing the tournament generating function as a sum over alternating
sign matrices.

© 2010 Elsevier Inc. All rights reserved.

1. Background and terminology

Definition 1.1. Alternating sign matrices (ASMs) are square matrices with the following properties:

• entries ∈ {0,1,−1},
• the entries in each row and column sum to 1,
• nonzero entries in each row and column alternate in sign.

See Fig. 1 for the seven ASMs with three rows and three columns.

E-mail address: jessica@math.umn.edu.

0196-8858/$ – see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.aam.2010.02.007
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Gyration and Resonance

Jessica Striker (NDSU) ASM and DAC June 26, 2024



Alternating sign matrix

0 0 1 0
1 0 -1 1
0 0 1 0
0 1 0 0
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Alternating sign matrix ↔ fully-packed loop

0 0 1 0
1 0 -1 1
0 0 1 0
0 1 0 0
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Fully-packed loop
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Fully-packed loops

Start with an n × n grid.
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Fully-packed loops

Add boundary conditions.
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Fully-packed loops

Interior vertices adjacent to 2 edges.
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Dynamics: Gyration on fully-packed loops

The local move.
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Dynamics: Gyration on fully-packed loops
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Dynamics: Gyration on fully-packed loops

Start with the even squares.
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Dynamics: Gyration on fully-packed loops

Apply the local move.
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Dynamics: Gyration on fully-packed loops

Apply the local move.
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Dynamics: Gyration on fully-packed loops

Apply the local move.
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Dynamics: Gyration on fully-packed loops

Now consider the odd squares.
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Dynamics: Gyration on fully-packed loops

Apply the local move.
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Dynamics: Gyration on fully-packed loops

Apply the local move.
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Dynamics: Gyration on fully-packed loops

Apply the local move.
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Dynamics: Gyration on fully-packed loops
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Dynamics: Gyration on fully-packed loops
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The square is a circle

Theorem (Wieland 2000)

Gyration on an n × n fully-packed loop rotates the link pattern by
an angle of 2π/2n.

Corollary (Dilks, Pechenik, and S. 2017)

Gyration exhibits resonance with frequency 2n.
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A 6× 6 ASM with gyration orbit of length 84



0 0 0 1 0 0
0 1 0 −1 1 0
0 0 0 1 −1 1
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0




2
1

12

11

10

9
8

7

6

5

4

3
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Dynamics: Gyration on the alternating sign matrix poset
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Dynamics: Gyration on the alternating sign matrix poset
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Dynamics: Gyration on the alternating sign matrix poset
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Dynamics: Gyration on the alternating sign matrix poset

2 3 4 5

1 2

1

23

2 2

3 4

3

1 24

3

2

1

0 1 2 3 4 5

4

3

2

1

012345

Jessica Striker (NDSU) ASM and DAC June 26, 2024



Dynamics: Gyration on the alternating sign matrix poset
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Dynamics: Gyration on the alternating sign matrix poset
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Dynamics: Gyration on the alternating sign matrix poset
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Dynamics: Gyration on the alternating sign matrix poset

x

y

z

2 3 4 5

1 2

1

23

2 2

3 4

3

1 24

3

2

1

0 1 2 3 4 5

4

3

2

1

012345

Jessica Striker (NDSU) ASM and DAC June 26, 2024



Dynamics: Gyration on the alternating sign matrix poset
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Dynamics: Gyration on the alternating sign matrix poset
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Dynamics: Gyration on the alternating sign matrix poset

Theorem (S. and Williams 2012)

Gyration on fully-packed loops is equivalent to toggling even then
odd ranks in the ASM tetrahedral poset.

x

y

z
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Dynamics: Gyration on the alternating sign matrix poset

Theorem (S. and Williams 2012)

Gyration on fully-packed loops is equivalent to toggling even then
odd ranks in the ASM tetrahedral poset.
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Dynamics: Gyration on the alternating sign matrix poset

Theorem (S. and Williams 2012)

Gyration on fully-packed loops is equivalent to toggling even then
odd ranks in the ASM tetrahedral poset.

x
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z
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Toggles

For each x ∈ P and each I ∈ L ⊆ 2E , the toggle tx(I ) is the
symmetric difference of I and {x} provided the result is in L and the
identity otherwise.

Definition (Cameron and Fon der Flaass 1995 (order ideals); S. 2018)

The toggle group T (L) is the subgroup of the symmetric group SL
generated by the toggles {tx}x∈E .
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Interesting toggle groups

Toggles have been studied in the following sets of subsets:

Order ideals of a poset (many papers)

Noncrossing partitions (Einstein, Farber, Gunawan, Joseph,
Macauley, Propp, Rubinstein-Salzedo 2016)

Independent sets of a graph (Joseph and Roby 2017)

Antichains of a poset (Joseph 2019, Joseph and Roby 2020)

Interval-closed sets of a poset (Elder, Lafrenière, McNicholas, S.,
Welch 2023, and current work LMSW + Lewis)

Jessica Striker (NDSU) ASM and DAC June 26, 2024



Toggles on interval-closed sets
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Toggles on interval-closed sets
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Example toggle actions:
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Toggles on interval-closed sets
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Toggles on interval-closed sets
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Toggles on interval-closed sets
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Rowmotion
Rowmotion is the toggle group action that composes all the toggles
from top to bottom.
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“Classical” (order ideal) rowmotion on products of chains

Order-ideal rowmotion on products of two chains a× b has order
a + b. (S.-Williams 2012) used the toggle group to show it has the
same orbit structure as toggling left-to-right, which is equivalent to
rotation of a binary word of length a + b.

1

32

64

128

24

9

18

36

72

Pro−−−−→
∼= Row

1

32

64

128

24

9

18

36

72

0100110
rotation−−−−→ 1001100

Jessica Striker (NDSU) ASM and DAC June 26, 2024



Interval-closed set rowmotion on products of chains

Problem (Open)

What is the order of rowmotion on interval-closed sets of a× b? The
orbit structure?

1

32

64

12

1

32

64

128

24

1

32

64

128

2416

48

Order 60 210 1144
Orbits [22, 31, 62, 201] [21, 53, 61, 74, 102] [21, 42, 87, 261, 441]
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The conjugacy of rowmotion, promotion, and gyration

Theorem (S. and Williams 2012)

In any ranked poset, there are equivariant bijections between the order
ideals under under rowmotion (toggle top to bottom), promotion
(toggle left to right), and gyration (toggle evens then odds).

Rowmotion, promotion, and gyration
all have the same orbit structure!

Jessica Striker (NDSU) ASM and DAC June 26, 2024



Gyration as a toggle group action

Theorem (S. and Williams 2012)

Gyration on fully-packed loops has the same orbit structure as
rowmotion on order ideals of the ASM poset.

Corollary

Rowmotion on the ASM poset exhibits resonance with frequency 2n.

x

y

z
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Theorem (S. and Williams 2012)
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Gyration as a toggle group action

Theorem (S. and Williams 2012)

Gyration on fully-packed loops has the same orbit structure as
rowmotion on order ideals of the ASM poset.

Corollary

Rowmotion on the ASM poset exhibits resonance with frequency 2n.

x

y

z

Jessica Striker (NDSU) ASM and DAC June 26, 2024



Gyration as a toggle group action

Theorem (S. and Williams 2012)

Gyration on fully-packed loops has the same orbit structure as
rowmotion on order ideals of the ASM poset.

Corollary

Rowmotion on the ASM poset exhibits resonance with frequency 2n.
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Homomesy
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The homomesy phenomenon

Definition (Propp and Roby 2015)

A statistic on a set exhibits homomesy with respect to an action
when the orbit-average of the statistic equals the global average of
that statistic.

Row

Row

Row

Row

Row

Row
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The homomesy phenomenon

Definition (Propp and Roby 2015)

A statistic on a set exhibits homomesy with respect to an action
when the orbit-average of the statistic equals the global average of
that statistic.

Row

Row

Row

Row

Row

Row

1 3

0 4

2 2

0 + 1 + 3 + 4

4
= 2

2 + 2

2
= 2
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Homomesy of rowmotion in a× b

Theorem (Propp and Roby 2015)

The cardinality statistic on order ideals of a× b exhibits homomesy
with respect to rowmotion.

Row

Row

Row

Row

Row

Row

1 3

0 4

2 2

0 + 1 + 3 + 4

4
= 2

2 + 2

2
= 2
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Homomesy of rowmotion in a× b× 2

Theorem (C. Vorland 2019)

The cardinality statistic on order ideals of a× b× 2 exhibits
homomesy with respect to rowmotion.

//
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Homomesies on permutations - an analysis of the maps
and statistics in the FindStat database [ELMSW 2024]

One object: permutations

Multiple actions and statistics!
Goals:

▶ characterize homomesy
▶ understand the maps that exhibit a lot of homomesy.

=⇒ Systematic study.

Outcomes:
▶ 120+ proven occurrences of homomesy
▶ Counter-examples for all other pairs of a map and a statistic from

FindStat (7,000 +)
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Toggling, rowmotion and homomesy on interval-closed sets
[ELMSW 2023]

Define the max minus min statistic to be the number of maximal
elements of I minus the number of minimal elements of I .

Theorem (ELMSW 2023)

The max minus min statistic is 0-mesic for rowmotion on
interval-closed sets of a× 2.
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Toggling, rowmotion and homomesy on interval-closed sets
[ELMSW 2023]

Define the max minus min statistic to be the number of maximal
elements of I minus the number of minimal elements of I .

Theorem (ELMSW 2023)

The max minus min statistic is 0-mesic for rowmotion on
interval-closed sets of a× 2.

Conjecture

The max minus min statistic is 0-mesic for rowmotion on
interval-closed sets of a× b.

Tested for all a + b ≤ 12

Does not hold for 2× 2× 5 or 2× 2× 2× 2
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Razumov-Stroganov correspondence

O(1) dense loop model on a semi-infinite cylinder

http://old-lipn.univ-paris13.fr/journee_calin/Slides/sportiello.pdf
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Razumov-Stroganov correspondence

O(1) dense loop model on a semi-infinite cylinder

http://old-lipn.univ-paris13.fr/journee_calin/Slides/sportiello.pdf
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Razumov-Stroganov correspondence

O(1) dense loop model Fully-packed loop model

http://old-lipn.univ-paris13.fr/journee_calin/Slides/sportiello.pdf
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Gyration was used to prove. . .

Conjecture (Razumov and Stroganov 2004)

The probability that a configuration of the O(1) dense loop model on
a semi-infinite cylinder of perimeter 2n has link pattern π equals the
probability that a fully-packed loop of order n has link pattern π.
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Gyration was used to prove. . .

Theorem (Cantini and Sportiello 2011)

The probability that a configuration of the O(1) dense loop model on
a semi-infinite cylinder of perimeter 2n has link pattern π equals the
probability that a fully-packed loop of order n has link pattern π.
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Gyration was used to prove. . .

Theorem (Cantini and Sportiello 2011)

The probability that a configuration of the O(1) dense loop model on
a semi-infinite cylinder of perimeter 2n has link pattern π equals the
probability that a fully-packed loop of order n has link pattern π.

Lemma (Cantini and Sportiello 2011)

For a given square α, there are the same number of fully-packed loops
in an orbit of gyration with configuration |α| as there are with
configuration α.
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The toggle group, homomesy, and the Razumov-Stroganov
correspondence [S. 2015]

Definition (S. 2015)

Fix a poset P . For each e ∈ P , define the toggleability statistic Te as:

Te(X ) =





1 if e can be toggled out of X ,
−1 if e can be toggled in to X ,
0 otherwise.

Wanted to prove:
For the ASM poset P and e ∈ P , Te is homomesic with average value
0 with respect to gyration.
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The toggle group, homomesy, and the Razumov-Stroganov
correspondence [S. 2015]

Definition (S. 2015)

Fix a poset P . For each e ∈ P , define the toggleability statistic Te as:

Te(X ) =





1 if e can be toggled out of X ,
−1 if e can be toggled in to X ,
0 otherwise.

Theorem (S. 2015)

Given any ranked poset P and e ∈ P, Te is homomesic with average
value 0 with respect to gyration.
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Theorem (Elder, Lafreniere, McNicholas, S., Welch 2023)

For any poset, the toggleability statistic of any maximal or minimal
element is 0-mesic under interval-closed set rowmotion.
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SL4 webs - dynamics showed the way

Theorem (Gaetz, Pechenik, Pfannerer, S., Swanson 2023+)

Contracted, fully-reduced, top hourglass plabic graphs with 4d
boundary vertices give a rotation-invariant basis for SL4.

Promotion on rectangular 4 row fluctuating tableaux ↔ rotation
of hourglass plabic graph equivalence classes.

1 3 7

1 4 5

3 5 6

2 3 6

←→

Talk: sites.google.com/view/jessicastriker/home/research
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Alternating sign matrices as webs

Proposition (Gaetz, Pechenik, Pfannerer, S., Swanson 2023+)

The superstandard tableau of shape d4 (lattice word 1d2d3d4d) is in
bijection with the set of d × d alternating sign matrices.

•

•



1 0 0
0 1 0
0 0 1




×

•



0 1 0
1 0 0
0 0 1




•

×



1 0 0
0 0 1
0 1 0




×

×•

•



0 1 0
1 −1 1
0 1 0




•

×



0 0 1
1 0 0
0 1 0




×

•



0 1 0
0 0 1
1 0 0




×

×



0 0 1
0 1 0
1 0 0




1 2 3

4 5 6

7 8 9

10 11 12
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Happy birthday Jim!
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