Combinatorics of Ribbon Tableaux by Thomas Lam

Bachelor of Science in Pure Mathematics University of New South Wales, 2001

Submitted to the Department of Mathematics in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

at the

MASSACHUSETTS INSTITUTE OF TECHNOLOGY

June 2005

© Thomas Lam, MMV. All rights reserved.

The author hereby grants to MIT permission to reproduce and distribute publicly paper and electronic copies of this thesis document in whole or in part.

Author . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Department of Mathematics April 29, 2005

Certified by. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Richard P. Stanley Levinson Professor of Applied Mathematics Thesis Supervisor

Accepted by . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pavel Etingof Chairman, Department Committee on Graduate Students

2

Combinatorics of Ribbon Tableaux by Thomas Lam

Submitted to the Department of Mathematics on April 29, 2005, in partial fulfillment of the requirements for the degree of Doctor of Philosophy

Abstract

This thesis begins with the study of a class of symmetric functions {G_λ} which are generating functions for ribbon tableaux (hereon called ribbon functions), first defined by Lascoux, Leclerc and Thibon. Following work of Fomin and Greene, I introduce a set of operators called ribbon Schur operators on the space of partitions. I develop the theory of ribbon functions using these operators in an elementary manner. In particular, I deduce their symmetry and recover a theorem of Kashiwara, Miwa and Stern concerning the Fock space F of the quantum affine algebras U_q(^sl_n).

Using these results, I study the functions G_λ in analogy with Schur functions, giving:

• a Pieri and dual-Pieri formula for ribbon functions,

• a ribbon Murnaghan-Nakayama formula,

• ribbon Cauchy and dual Cauchy identities,

• and a C-algebra isomorphism ω_n : Λ(q) → Λ(q) which sends each G_λ to G_λ′ .

The study of the functions G_λ will be connected to the Fock space representation F of U_q(^sl_n) via a linear map Φ : F → Λ(q) which sends the standard basis of F to the ribbon functions. Kashiwara, Miwa and Stern [28] have shown that a copy of the Heisenberg algebra H acts on F commuting with the action of U_q(^sl_n). Identifying the Fock Space of H with the ring of symmetric functions Λ(q) I will show that Φ is in fact a map of H-modules with remarkable properties.

In the second part of the thesis, I give a combinatorial generalisation of the classical Boson-Fermion correspondence and explain how the map Φ is an example of this more general phenomena. I show how certain properties of many families of symmetric functions arise naturally from representations of Heisenberg algebras. The main properties I consider are a tableaux-like definition, a Pieri-style rule and a Cauchy-style identity. Families of symmetric functions which can be viewed in this manner include Schur functions, Hall- Littlewood functions, Macdonald polynomials and the ribbon functions. Using work of Kashiwara, Miwa, Petersen and Yung, I define generalised ribbon functions for certain affine root systems Φ of classical type. I prove a theorem relating these generalised ribbon functions to a speculative global basis of level 1 q-deformed Fock spaces.

Thesis Supervisor: Richard P. Stanley Title: Levinson Professor of Applied Mathematics

4

Acknowledgments

First of all, I would like to thank my family for supporting my mathematics from 16000 kilometres away: to help me when I have called home, and also to fret and worry when I have forgotten to call home.

The work in this thesis would not have begun without the guidance and advice of my supervisor, Richard Stanley, to whom I give my sincerest thanks. My love of this subject began with a course on symmetric functions taught by Professor Stanley. The study of the ribbon functions in this thesis was suggested to me several days after I passed my qualifying exams, around two and a half years ago.

I thank Sergey Fomin, Marc van Leeuwen, Anne Schilling and Mark Shimozono for discussions related to this thesis. I would like to thank Cédric Bonnafé, Meinolf Geck, Lacri Iancu, Luc Lapointe, Ezra Miller, Jennifer Morse, Igor Pak, Alexander Postnikov, Pavlo Pylyavskyy, Mark Shimozono, Dan Stefanica and Jacques Verstraëte for working with me on various mathematical projects while I have been at MIT. I would also like to thank my professors from the University of New South Wales: Michael Cowling, Tony Dooley, Ian Doust, David Hunt, Norman Wildberger and most of all my undergraduate advisor Terence Tao for teaching me my first tidbits of mathematics and giving me my first problems in Combinatorics.

I thank my roommates Damiano and Ilya for tolerating my intermittent housework and vampiric hours. Life in an often very cold Boston was made possible by Vigleik’s lectures on operads, heating at my apartment, Amos’s gou liu, Karen breaking Andrew’s foot, XuHua’s WeiQi lessons, Igor’s vodka parties, Terence’s salt-baked chicken, my black winter coat, Cilanne’s frequent potential food poisoning, Calvin skating next to me, The Eulers showing me the world of hockey, Andrew and Christina talking about home, Susanna and her Cookies, Sergi and his reputation, Wai Ling and her toothpaste, Minji always being on MSN, Bladerunners letting me play more hockey, Federico and Peter doing fun stuff in far away places, Kai’s pointless messages, Eggettes’ spam, Alex’s really nice office, Queenie’s moliuness, Alan and Puerto Rico, late night Mafia games, Anna getting really drunk really often, Josh’s topoi, Marj being on MSN even more than Minji, HKSS Hockey letting me play even more hockey, MIT Go Club, Donald getting hit by my snowball, Ian and suicidal robots, FangYun’s S^2 × R^3, Suhas giving me a place to stay outside Boston, the MIT Ice Rink, the Cambridge Combinatorics and Coffee Club, Tushiyahh not getting an A+, my (now lost) blue-white-black beanie, Jerin sleeping in even later than me, Petey, Alexei trying to explain mathematics, Andre letting me play with his putty, Alice never working, Eric’s alcohol collection, the Red Sox actually winning, Emily’s screaming, Reimundo growing and cutting his beard, Fumei’s fun crutches, Hugh not answering questions, Diana’s 2am IHOP service, Brian’s naked arms, Zhou’s haircuts, Kevin and the bridge lectures, the [Y]clan message board, Sueann not understanding jokes, Six Pac letting me play yet more hockey, Fu’s name, Miki not talking, Joyce and food truck lunch boxes, gummies sent by my sister, one Danny’s project and one Danny making crosswords, clothes sent by my parents, Lauren’s long formula, Danielle and 50 hours of Gum Yong tapes, my 17” flatscreen, Richard asking me how my hockey is going, and Yiuka’s frequent missed cell phone calls.

6

Contents

1 Introduction 11

2 Ribbon tableaux and ribbon functions 17 2.1 Ribbon tableaux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.1.1 Partitions and Tableaux . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.1.2 Cores and ribbons . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 2.2 Ribbon functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.2.1 Symmetric functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.2.2 Lascoux, Leclerc and Thibon’s ribbon functions . . . . . . . . . . . . 21

3 Ribbon Schur operators 23 3.1 The algebra of ribbon Schur operators . . . . . . . . . . . . . . . . . . . . . 23 3.2 Homogeneous symmetric functions in ribbon Schur operators . . . . . . . . 25 3.3 The Cauchy identity for ribbon Schur operators . . . . . . . . . . . . . . . . 26 3.4 Ribbon functions and q-Littlewood Richardson Coefficients . . . . . . . . . 30 3.5 Non-commutative Schur functions in ribbon Schur operators . . . . . . . . . 31 3.6 Final remarks on ribbon Schur operators . . . . . . . . . . . . . . . . . . . . 35 3.6.1 Maps involving U_n . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 3.6.2 The algebra U_∞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 3.6.3 Another description of U_n . . . . . . . . . . . . . . . . . . . . . . . . 36 3.6.4 Connection with work of van Leeuwen and Fomin . . . . . . . . . . . 36

4 Ribbon Pieri and Cauchy Formulae 37 4.1 Ribbon functions and the Fock space . . . . . . . . . . . . . . . . . . . . . . 37 4.1.1 The action of the Heisenberg algebra on F . . . . . . . . . . . . . . . 37 4.1.2 The action of the quantum affine algebra U_q(^sl_n) . . . . . . . . . . . 39 4.1.3 Relation to upper global bases of F . . . . . . . . . . . . . . . . . . . 41 4.2 The map Φ : F → Λ(q) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 4.3 Ribbon Pieri formulae . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 4.4 The ribbon Murnaghan-Nakayama rule . . . . . . . . . . . . . . . . . . . . . 45 4.4.1 Border ribbon strip tableaux . . . . . . . . . . . . . . . . . . . . . . 45 4.4.2 Formal relationship between Murnaghan-Nakayama and Pieri rules . 47 4.4.3 Application to ribbon functions . . . . . . . . . . . . . . . . . . . . . 49 4.5 The ribbon involution ω_n . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 4.6 The ribbon Cauchy identity . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 4.7 Skew and super ribbon functions . . . . . . . . . . . . . . . . . . . . . . . . 52 4.8 The ribbon inner product and the bar involution on Λ(q) . . . . . . . . . . 54

4.9 Ribbon insertion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 4.9.1 General ribbon insertion . . . . . . . . . . . . . . . . . . . . . . . . . 55 4.9.2 Domino insertion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56 4.10 Some Open Questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

5 Combinatorial generalization of the Boson-Fermion correspondence 61 5.1 The classical Boson-Fermion correspondence . . . . . . . . . . . . . . . . . . 62 5.2 The main theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 5.2.1 Symmetric functions from representations of Heisenberg algebras . . 63 5.2.2 Generalisation of Boson-Fermion correspondence . . . . . . . . . . . 64 5.2.3 Pieri and Cauchy identities . . . . . . . . . . . . . . . . . . . . . . . 66 5.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 5.3.1 Schur functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 5.3.2 Direct sums . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 5.3.3 Tensor products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 5.3.4 Macdonald polynomials . . . . . . . . . . . . . . . . . . . . . . . . . 69 5.3.5 Ribbon functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 5.4 Ribbon functions of classical type . . . . . . . . . . . . . . . . . . . . . . . . 70 5.4.1 KMPY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 5.4.2 Crystal bases, perfect crystals and energy functions . . . . . . . . . . 71 5.4.3 The Fock space and the action of the bosons . . . . . . . . . . . . . 73 5.4.4 Ribbons, ribbon strips and ribbon functions . . . . . . . . . . . . . . 74 5.4.5 The case Φ = A^{(1)}_{n−1} . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 5.4.6 The case Φ = A^{(2)}_{2n} . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 5.4.7 Global bases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 5.5 Ribbon functions of higher level . . . . . . . . . . . . . . . . . . . . . . . . . 80

List of Figures

1-1 A 3-ribbon tableau with shape (7, 6, 4, 3, 1), weight (2, 1, 3, 1) and spin 7. . . 12

2-1 The edge sequence p(31) = (. . . , 1, 1, 1, 0, 1, 0, 0, 1, 0, 0, . . .). . . . . . . . . . . 18 2-2 A horizontal 4-ribbon strip with spin 5. . . . . . . . . . . . . . . . . . . . . 19 2-3 The semistandard domino tableaux contributing to G^{(2)}_{(3,3)}(x_1, x_2; q). . . . . . 21

3-1 Calculating relation (3.5) of Proposition 3.1. . . . . . . . . . . . . . . . . . . 24 3-2 The bottom row contains some 3-commuting tableaux and the top row contains some tableaux which are not 3-commuting. . . . . . . . . . . . . . . . 33 3-3 The 3-commuting tableaux with shape (2, 2) and squares filled with {0, 1, 2, 3}. 35 3-4 The Yamanouchi ribbon tableau corresponding to c^{(2,2)}_{(4,4,4)}(q) = q^4. . . . . . . 35

4-1 Calculation of the connected horizontal strips C which can be added to the shape S_1 = (7, 5, 2, 1)/(4, 2, 2, 1) to form a border ribbon strip. The resulting border ribbon strips all have height 1. . . . . . . . . . . . . . . . . . . . . . 47 4-2 The result of the insertion ((((∅ ← (1, 3)) ← (0, 4)) ← (0, 2)) ← (1, 1)). . . . 57

10

Chapter 1

Introduction

The study of symmetric functions has grown enormously since Girard and Newton first studied the subject in the seventeenth century. In the last century, symmetric function theory has developed at the crossroads of combinatorics, algebraic geometry and representation theory. The ring of symmetric functions Λ = Λ_Q contains a distinguished basis {s_λ} known as the Schur functions. Schur functions simultaneously represent the characters of the symmetric group S_n, the characters of the general linear group GL(N), the Schubert classes of the Grassmannian Gr_{kn} and the weight generating functions of Young tableaux.

In recent years, there has been an explosion of interest in q- and q, t-analogues of symmetric functions; see for example [46, 36, 53, 62]. With each such family of symmetric functions, the initial aim is both to connect the functions with representation theory, algebraic geometry or some other field; and to generalise the numerous properties of Schur functions to the new family of symmetric functions. The first part of this thesis is concerned with the latter task for a family of symmetric functions which we call ribbon functions, defined by Lascoux, Leclerc and Thibon [38]. The second part of this thesis tries to explain the results of the first part in the wider context of representations of Heisenberg algebras and the Boson-Fermion correspondence.

Ribbon functions are defined combinatorially as the spin-weight generating functions of ribbon tableaux: G^{(n)}_λ (X; q) = � T q^{s(T )}x^{w(T )}

where the sum is over all semistandard n-ribbon tableaux (see Figure 1-1) of shape λ, and s(T ) and w(T ) are the spin and weight of T respectively. The spin of a ribbon is the number of rows in the ribbon, minus 1. The definition of a semistandard ribbon tableau is analagous to the definition of a semistandard Young tableau, with boxes replaced by ribbons (or border strips) of length n. When n = 1, ribbon functions reduce to the Schur functions. When q = 1, we obtain products of n Schur functions. The definition of ribbon functions can be extended naturally to skew shapes λ/μ.

To prove that the functions G^{(n)}_λ (X; q) were symmetric Lascoux, Leclerc and Thibon connected them to the (level 1) Fock space representation F of the quantum affine algebra U_q(^sl_n). The crucial property of F is that it affords an action of a Heisenberg algebra H, commuting with the action of U_q(^sl_n), discovered by Kashiwara, Miwa and Stern [28]. In particular, they showed that as a U^′_q(^sl_n) × H-module, F decomposes as

F ∼= V_{Λ0} ⊗ Q(q)[H_−]

3 2 3 3 1 1 4

Figure 1-1: A 3-ribbon tableau with shape (7, 6, 4, 3, 1), weight (2, 1, 3, 1) and spin 7.

where V_{Λ0} is the highest weight representation of U^′_q(^sl_n) with highest weight Λ_0 and Q(q)[H_−] is the usual Fock space representation of the Heisenberg algebra.

The initial investigations of ribbon functions were focused on the q-Littlewood Richardson coefficients c^μ_λ(q) of the expansion of G^{(n)}_λ (X; q) in the Schur basis:

G^{(n)}_λ (X; q) = � μ c^μ_λ(q)s_μ(X).

These are q-analogues of Littlewood Richardson coefficients. Leclerc and Thibon [40] showed that the polynomials c^μ_λ(q) are coefficients of global bases of the Fock Space F. Results of Varagnolo and Vasserot [60] then imply that they are parabolic Kazhdan-Lusztig polynomials of type A. Finally, geometric results of Kashiwara and Tanisaki [29] show that they are polynomials in q with non-negative coefficients. Much interest has also developed in connecting ribbon tableaux and the q-Littlewood Richardson coefficients to rigged configurations and the generalised Kostka polynomials defined by Kirillov and Shimozono [30], Shimozono and Weyman [52] and Schilling and Warnaar [50].

In a mysterious development, Haglund et. al. [17] have conjectured connections between diagonal harmonics and ribbon functions. More recently, Haglund, Haiman and Loehr [16] have found an expression for Macdonald polynomials in terms of the skew ribbon functions G^{(n)}_{λ/μ}. Unfortunately, the positivity of the skew q-Littlewood Richardson coefficients does not follow from the representation theory, so a proof of the Macdonald positivity conjecture is yet to result from this approach.

The Fock space F can be viewed as the vector space over Q(q) spanned by partitions with a natural inner product ⟨., .⟩ : F×F → Q(q) given by ⟨λ, μ⟩ = δ_{λμ}. Our study of ribbon functions begins in Chapter 3 with the definition of combinatorial operators {u^{(n)}_i | i ∈ Z} called ribbon Schur operators on F:

u^{(n)}_i : λ −→ � q^{spin(μ/λ)}μ if μ/λ is a n-ribbon with head lying on the i-th diagonal, 0 otherwise.

Following work of Fomin and Greene [12], many properties of ribbon functions can be phrased in terms of ribbon Schur operators. In particular, we identify a commutative subalgebra Λ(u) ⊂ Q(q)[. . . , u_{−1}, u_0, u_1, . . .] abstractly isomorphic to the ring of symmetric functions. This algebra should be thought of as the (Hopf)-dual of the symmetric function algebra in which ribbon functions are defined. We give explicit formulae for certain “noncommutative Schur functions” s_λ(u) ∈ Λ(u) which are related to ribbon functions by the formula ⟨s_λ(u) · ν, μ⟩ = c^λ_{ν/μ}(q).

Our results thus imply some new positivity results for skew q-Littlewood Richardson coefficients.

Making computations involving Λ(u) and the adjoint algebra Λ^⊥(u) ⊂ End_{Q(q)}(F), we obtain a non-commutative “Cauchy identity” for the operators u_i. In this way we recover using just linear algebra and combinatorics of ribbons the action of the Heisenberg algebra on F due to Kashiwara, Miwa and Stern mentioned above. In particular, we obtain an elementary proof of the symmetry of ribbon functions.

In Chapter 4, we use the action of the Heisenberg algebra on F to deduce properties of ribbon functions in analogy with Schur functions:

• A ribbon Pieri formula (Theorem 4.12):

h_k[ � 1 + q^2 + · · · + q^{2(n−1)} � X]G_ν (X; q) = � μ q^{s(μ/ν)}G_μ(X; q).

where the sum is over all μ such that μ/ν is a horizontal ribbon strip of size k. The notation h_k[ � 1 + q^2 + · · · + q^{2(n−1)} � X] denotes a plethysm.

• A ribbon Murnaghan-Nakayama-rule (Theorem 4.22): � 1 + q^{2k} + · · · + q^{2k(n−1)} � p_kG_ν (X; q) = � μ X^k_{μ/ν} (q)G_μ(X; q).

where X^k_{μ/ν} (q) can be expressed as an alternating sum of spins over certain “border n-ribbon strips” of size k.

• A ribbon Cauchy (and dual Cauchy) identity (Theorem 4.28): � λ G_{λ/δ}(X; q)G_{λ/δ} (Y ; q) = � i,j n−1� k=0 1 1 − x_iy_jq^{2k}

where the sum is over all partitions λ with a fixed n-core δ. A combinatorial proof of this was given recently by van Leeuwen [42].

• A Q-algebra isomorphism ω_n : Λ(q) → Λ(q) (Theorem 4.26) satisfying

ω_n(G_λ(X; q)) = G_λ′ (X; q).

Even the existence of a linear map with such a property is not obvious as the functions G_λ are not linearly independent.

One should expect these formulae to be important properties. For example, the Pieri formula for Schur functions calculates the intersection of an arbitrary Schubert variety with a special Schubert variety in the Grassmannian. The Murnaghan-Nakayama rule calculates the irreducible characters of the symmetric group.

The connection between ribbon functions and the action of the Heisenberg algebra is made explicit by showing that the map Φ : F → Λ(q) defined by

λ −→ G_λ (1.1) is a map of H-modules, after identifying Q(q)[H_−] with the ring of symmetric functions Λ(q) in the usual way. The map Φ has the further remarkable property that it changes certain linear maps into algebra maps, as follows.

Lascoux, Leclerc and Thibon [37] have constructed a global basis of F which extends Kashiwara’s global crystal basis of V_{Λ0} . They used a bar involution^− : F → F which extends Kashiwara’s involution on V_{Λ0} . Another semi-linear involution, denoted v → v^′ was also introduced and further studied in [40] which satisfied the property ⟨u, v⟩ = � u^′, v^′ � for u, v ∈ F. We shall see that if we restrict Φ to the space of highest weight vectors of F for the U_q(^sl_n) action, then both involutions become algebra isomorphisms under the map Φ. In particular the “image” of the involution v → v^′ is simply ω_n.

In Chapter 5, we explain how (1.1) should be thought of as a generalisation of the Boson- Fermion correspondence. The classical Boson-Fermion correspondence identifies the image of semi-infinite wedges in the Fermionic Fock space as the Schur functions in the Bosonic Fock space. Our investigations are motivated by the observation that many classical families of symmetric functions possess a trio of properties: a combinatorial tableaux-like definition, a Pieri-style rule and a Cauchy-style identity. Such families of symmetric functions include Schur functions, Hall Littlewood functions, Macdonald polynomials and ribbon functions. We shall explain these phenomena using representations of Heisenberg algebras.

Our aim is to generalise the Boson-Fermion correspondence to any representation of a Heisenberg algebra H with “parameters” a_i. A Heisenberg algebra is generated by {B_k : k ∈ Z\{0}} satisfying [B_k, B_l] = l · a_l · δ_{k,−l}

for some non-zero parameters a_l satisfying a_l = −a_{−l}. Given a representation V of H with a distinguished basis {v_s | s ∈ S} for some indexing set S and a highest weight vector in V , we define two families {F_s | s ∈ S} and {G_s | s ∈ S} of symmetric functions. These definitions are combinatorial and tableaux-like in the sense that they give the expansion of F_s or G_s in terms of monomials. The map v_s → G_s turns out to be a map of H-modules for a suitable action of H on Λ. The sum � s F_s(X)G_s(Y ) satisfies a Cauchy identity: it has an explicit product formula involving the parameters a_i. Lastly, we find symmetric functions h_k[a_i] ∈ Λ so that both h_k[a_i]F_s and h_k[a_i]G_s have Pieri-like expressions.

There is another part of the Boson-Fermion correspondence involving vertex operators which we have chosen to largely ignore. This point of view has been studied by Jing and Macdonald [19, 20, 46].

In the last part of the thesis, we use our generalisation of the Boson-Fermion correspondence to define ribbon functions for other Fock space representations. Our definition uses a construction of the Fock space representations for quantum affine algebras due to Kashiwara, Miwa, Petersen and Yung [27]. They define Fock space representations F for the quantum affine algebras of types A^{(2)}_{2n} , B^{(2)}_n , A^{(2)}_{2n−1}, D^{(1)}_n and D^{(2)}_{n+1}. The main theorem of [27], for our purposes, is that F decomposes as V_λ ⊗ Q[H_−] as a U^′_q(g) ⊗ H module. Another construction of F is given by Kang and Kwon [24] in terms of Young walls, though they do not consider the action of the Heisenberg algebra.

The construction of these Fock spaces in [27] relies on a choice of a (level 1) perfect crystal B for the quantum affine algebra. The Fock space representation is indexed by certain “normally-ordered” elements b_1 ⊗ b_2 ⊗ · · · in a semi-infinite tensor product B ⊗ B ⊗ · · · of this crystal. In the notation above, this will be our indexing set S. The action of a Heisenberg algebra on the Fock space is also given explicitly in [27], and we use it to define generalised ribbon functions F^Φ_s ∈ Λ(q). In the case Φ = A^{(1)}_n , we explain how one recovers Lascoux-Leclerc-Thibon ribbon functions. We also give examples of ribbons and ribbon functions for Φ = A^{(2)}_{2n} .

These generalised ribbon functions are likely to be interesting from both the combinatorial and representation theoretic points of view, though the calculation of ribbon functions is considerably harder. We generalise a result of Leclerc and Thibon to show that the generalised q-Littlewood Richardson coefficients c^{λ,Φ}_s ∈ Q(q) given by F^Φ_s = � λ c^{λ,Φ}_s s_λ are also coefficients of a speculative “global basis” of F.

16

Chapter 2

Ribbon tableaux and ribbon functions

In this chapter we give the definitions for tableaux and symmetric functions needed throughout this thesis, and define the ribbon tableaux generating functions of Lascoux, Leclerc and Thibon.

2.1 Ribbon tableaux

2.1.1 Partitions and Tableaux

A partition λ = (λ_1 ≥ λ_2 ≥ · · · ≥ λ_l > 0) is a list of non-increasing integers. We will call l the length of λ, and denote it by l(λ). We will say that λ is a partition of λ_1+λ_2+. . .+λ_l = |λ| and write λ ⊢ |λ|. A composition α = (α_1, α_2, . . . , α_l) is an ordered list of non-negative integers. As above, we will say that α is a composition of |α| = α_1 + α_2 + · · · + α_l. We use the usual notation concerning partitions and do not distinguish between a partition and its Young diagram. Let m_k(λ) denote the number of parts of λ equal to k. Let λ^′ denote the partition conjugate to λ, given by λ^′_i = #{j | λ_j ≥ i}. We shall write P for the set of partitions. We shall always draw our partitions in the English notation, so that the parts are top left justified.

The edge sequence p(λ) = (. . . , p_{−2}, p_{−1}, p_0, p_1, p_2, . . .) of a partitions λ is the doubly infinite bit sequence obtained by drawing the partition in the English notation and reading the “edge” of the partition from bottom left to top right – writing a 1 if you go up and writing a 0 if you go to the right (see Figure 2-1). We shall normalise our notation for edge sequences by requiring that the empty partition ∅ has edge sequence p(∅)_i = 1 for i ≤ 0 and p(∅)_i = 0 for i ≥ 1. Adding a box to a partition corresponds to changing two adjacent entries of the edge sequence (p_i, p_{i+1}) from (0, 1) to (1, 0).

If λ and μ are partitions we say that λ contains μ if λ_i ≥ μ_i for each i, and write μ ⊂ λ. A skew shape is a pair of partitions λ, μ such that μ ⊂ λ, denoted λ/μ. The skew shape λ/μ is a horizontal strip if it contains at most one square in each column. A skew shape λ/μ is a border strip if it is connected, and does not contain any 2 × 2 square. The height h(b) ∈ N of a border strip b is the number of rows in it, minus 1. A border strip tableau T of shape λ/μ is a chain of partitions

μ = μ^0 ⊂ μ^1 ⊂ · · · ⊂ μ^r = λ

1

1

1 0 1 0 0 1 0 0

Figure 2-1: The edge sequence p(31) = (. . . , 1, 1, 1, 0, 1, 0, 0, 1, 0, 0, . . .).

such that each μ^{i+1}/μ^i is a border strip. The height of a border strip tableau T is the sum of the heights of its border strips.

A semistandard tableau T of shape λ/μ is a filling of each square (i, j) ∈ λ/μ with a positive integer such that the rows are non-decreasing and the columns are increasing. We write sh(T ) = λ/μ. The weight w(T ) of such a tableau T is the composition α such that α_i is the number of occurrences of i in T . The tableau is standard if the numbers which occur are exactly those of [m] = {1, 2, . . . , m} for some integer m. A semistandard tableau of shape λ/μ can be thought of as a chain of partitions μ = λ^0 ⊂ λ^1 ⊂ · · · ⊂ λ^l = λ such that each λ^i/λ^{i−1} is a horizontal strip.

2.1.2 Cores and ribbons

Let n ≥ 1 be a positive integer. When a border strip has n squares for the distinguished integer n, we will call it a n-ribbon or just a ribbon. The height of the ribbon r will then be called its spin spin(r). The reader should be cautioned that in the literature the spin is often defined as half of this. The head of a ribbon is its top-right most square.

Let λ be a partition. Its n-core λ̃ is obtained from λ by removing n-ribbons until it is no longer possible to do so, and does not depend on how the ribbons are removed. Adding a n-ribbon to a partition λ corresponds to finding an index i ∈ Z such that p_i(λ) = 1 and p_{i+n}(λ) = 0, then changing those two bits to p_i(λ) = 0 and p_{i+n}(λ) = 1.

Let λ be an n-core with edge sequence p(λ) = (. . . , p_{−2}, p_{−1}, p_0, p_1, p_2, . . .). Then there is no index i so that p_i(λ) = 0 and p_{i+n}(λ) = 1. Equivalently, the subsequences

p^{(i)}(λ) = (. . . , p_{i−2n}, p_{i−n}, p_i, p_{i+n}, p_{i+2n}, . . .)

all look like (. . . , 1, 1, 1, 1, 0, 0, 0, 0, . . .) with a suitable shift. Define the offset sequence (d_0, d_1, . . . , d_{n−1}) ∈ Z^n by requiring that p_{i+ndi} = 0 and p_{i+n(di−1)} = 1. The offsets satisfy d_{i−n} = d_i + 1 and d_1 + d_2 + · · · + d_n = 0 and completely determine the n-core.

The n-quotient of λ a n-tuple of partitions denoted by (λ^{(0)}, . . . , λ^{(n−1)}) and are defined by requiring that p_i(λ^{(j)}) = p_{(i+dj )n+j} (λ) where d_j = d_j (λ̃). The n-quotient and n-core of λ completely define λ. They satisfy |λ| = |λ̃| + n(|λ^{(0)}| + · · · + |λ^{(n−1)}|).

Let P_δ to denote the set of partitions λ such that λ̃ = δ for an n-core δ = δ̃. A ribbon tableau T of shape λ/μ is a tiling of λ/μ by n-ribbons and a filling of each ribbon with a positive integer (see Figure 1-1). If these numbers are exactly those of [m], for some m, then the tableau is called standard. We will use the convention that a ribbon tableau of shape λ where λ̃ ≠ ∅ is simply a ribbon tableau of shape λ/λ̃. A ribbon tableau is semistandard if for each i

1. removing all ribbons labelled j for j > i gives a valid skew shape λ_{≤i}/μ and,

2. the subtableau containing only the ribbons labelled i form a horizontal n-ribbon strip.

A tiling of a skew shape λ/μ by n-ribbons is a horizontal ribbon strip if the topright-most square of every ribbon touches the northern edge of the shape (see Figure 2-2). Abusing notation, we will also call the skew shape λ/μ a horizontal ribbon strip λ/μ if such a tiling exists (which is necessarily unique). Similarly, one has the notion of a vertical ribbon strip. If λ/μ is a horizontal ribbon strip then λ^′/μ^′ is a vertical ribbon strip. If λ/μ has k ribbons then we have spin(λ/μ) + spin(λ^′/μ^′) = k(n − 1), where in one case we are taking the spin of the tiling as a horizontal ribbon strip and in the second case we are taking the spin of the tiling as a vertical ribbon strip.

Figure 2-2: A horizontal 4-ribbon strip with spin 5.

We will often think of a ribbon tableau as a chain of partitions

λ̃ = μ^0 ⊂ μ^1 ⊂ · · · ⊂ μ^r = λ

where each μ^{i+1}/μ^i is a horizontal ribbon strip. The spin spin(T ) of a ribbon tableau T is the sum of the spins of its ribbons. If λ/μ is a horizontal ribbon strip then spin(λ/μ) denotes the spin of the unique tiling of λ/μ such that the topright-most square of every ribbon touches the northern edge of the shape. The weight w(T ) of a tableau is the composition counting the occurrences of each value in T .

Littlewood’s n-quotient map ([43], see also [57]) gives a weight preserving bijection between semistandard ribbon tableaux T of shape λ and n-tuples of semistandard Young tableau � T^{(0)}, . . . , T^{(n−1)} � of shapes {λ^{(0)}, . . . , λ^{(n−1)}} respectively. The n-quotient map for tableaux can be defined by treating a tableau as a chain of partitions and applying the n-quotient operation for each partition in the chain. Abusing language, we shall also refer to � T^{(0)}, . . . , T^{(n−1)} � as the n-quotient of T . Schilling, Shimozono and White [51] and separately Haglund et. al. [17] have described the spin of a ribbon tableau in terms of an inversion number of the n-quotient. Note that a shape λ/μ is a horizontal ribbon strip if and only if its n-quotient is a n-tuple of horizontal strips.

2.2 Ribbon functions

2.2.1 Symmetric functions

We review some standard notation and results in symmetric function theory (see [46] for details).

Let Λ = Λ_Q denote the ring of symmetric functions over Q. We will write Λ(q) for the ring of symmetric functions over Q(q). If K is any field of characteristic 0, we write Λ_K for the algebra of symmetric functions over K. It is well known that the Schur functions s_λ are orthogonal with respect to the Hall inner product ⟨., .⟩ on Λ. If f ∈ Λ then f^⊥ denotes the adjoint to multiplication by f with respect to ⟨., .⟩, so that ⟨fg, h⟩ = � g, f^⊥ · h � . We will denote the homogeneous, elementary, monomial and power sum symmetric functions by h_λ, e_λ, m_λ and p_λ respectively. Recall that we have ⟨h_λ, m_μ⟩ = δ_{λμ} and ⟨p_λ, p_μ⟩ = z_λδ_{λμ} where z_λ = 1^{m1 (λ)}m_1(λ)!2^{m2 (λ)}m_2(λ)! · · · . Each of the sets {p_i}, {e_i} and {h_i} generate Λ. We will write X to mean (x_1, x_2, . . .). Thus s_λ(X) = s_λ(x_1, x_2, . . .).

The Schur functions can be defined combinatorially in terms of Young tableaux:

s_λ = � T x^{w(T )}

where the sum is over all semistandard tableaux T of shape λ and x^α = x^{α1}_1 x^{α2}_2 · · · . Recall that the Kostka numbers K_{λμ} are defined by s_λ = � μ K_{λμ}m_μ. Thus K_{λμ} is equal to the number of semistandard tableaux of shape λ and weight μ.

The ring of symmetric functions has an algebra involution ω : Λ → Λ defined by ω(h_i) = e_i. It satisfies ω(s_λ) = s_λ′ and is an isometry with respect to ⟨., .⟩. The Cauchy kernel Ω(X, Y ) := � i,j 1 1−x_iy_j satisfies

Ω(X, Y ) = � λ h_λ(X)m_λ(Y ) = � λ s_λ(X)s_λ(Y ) = � λ z^{−1}_λ p_λ(X)p_λ(Y ).

The Pieri rule allows one to calculate the product of a Schur function by a homogeneous symmetric function: h_λs_λ = � μ s_μ

where the sum is over all μ such that μ/λ is a horizontal strip. Let λ = (λ_1, λ_2, . . . , λ_k). The Jacobi-Trudi formula expresses Schur function s_λ as a determinant of homogeneous symmetric functions:

s_λ = det � � � � h_{λ1} h_{λ1+1} · · · h_{λ1+k−2} h_{λ1+k−1} h_{λ2−1} h_{λ2} · · · h_{λ2+k−3} h_{λ2+k−2} . . . . . . . . . . h_{λk −k+1} h_{λk−k+2} · · · h_{λk −1} h_{λk}

� � � � .

Here we take h_0 = 1 and h_i = 0 for i < 0.

Let f ∈ Λ. We recall the definition of the plethysm g → g[f]. Write g = � λ c_λp_λ. Then we have

g[f] = � λ c_λ

l(λ)�

i=1 f(x^{λi}_1 , x^{λi}_2 , . . .).

Thus the plethysm by f is the (unique) algebra endomorphism of Λ which sends p_k → f(x^k_1, x^k_2 , . . .). When f(x_1, x_2, . . . ; q) ∈ Λ(q) for a distinguished element q, we define the plethysm as p_k → f(x^k_1, x^k_2 , . . . ; q^k). Note that plethysm does not commute with specialising q to a complex number.

For example, the plethysm by (1+q)p_1 is given by sending p_k → (1+q^k)p_k and extending

1 1 1 1 1 2 1 2 2

2 2 2 1 1 2 2 1 2

Figure 2-3: The semistandard domino tableaux contributing to G^{(2)}_{(3,3)}(x_1, x_2; q).

to an algebra isomorphism Λ(q) → Λ(q). In such situations we will write f[(1 + q)X] for f[(1 + q)p_1].

2.2.2 Lascoux, Leclerc and Thibon’s ribbon functions We now define the central objects of this paper as introduced by Lascoux, Leclerc and Thibon. An integer n ≥ 1 is fixed throughout and will often be suppressed in the notation. Definition 2.1 ([38]). Let λ/μ be a skew partition, tileable by n-ribbons. Define the symmetric functions G^{(n)}_{λ/μ}(X; q) = G_{λ/μ}(X; q) ∈ Λ(q) as:

G_{λ/μ}(X; q) = � T q^{spin(T )}x^{w(T )}

where the sum is over all semistandard ribbon tableaux T of shape λ/μ. These functions will be loosely called ribbon functions.

When μ = ∅ we will write G_λ(X; q) in place of G_{λ/∅}(X; q). The fact that the functions G_{λ/μ}(X; q) are symmetric is not obvious from the combinatorial definition, and was first shown by in [38] using representation theoretic results in [28]. We shall give an elementary proof of the symmetry in Theorem 3.12.

Example 2.2. Let n = 2 and λ = (3, 3). Then we have

G^{(2)}_{(3,3)}(x_1, x_2; q) = q^3(x^3_1 + x^2_1x_2 + x_1x^2 + x^3_2) + q(x^2_1x_2 + x^2x_1), corresponding to the domino tableaux in Figure 2-3. In fact,

G^{(2)}_{(3,3)}(X; q) = qs_{2,1}(X) + q^3s_3(X).

The symmetry of G^{(2)}_{(3,3)}(X; q) is already non-obvious. Note also that G^{(2)}_{(3,3)}(X; 1) = s_1s_2.

Let λ/μ be a skew shape tileable by n-ribbons. Then define

K_{λ/μ,α}(q) = � T q^{spin(T )},

the spin generating function of all semistandard ribbon tableaux T of shape λ/μ and weight α. Thus G_{λ/μ}(X; q) = � α K_{λ/μ,α}(q)x^α. Also define the q-Littlewood Richardson coefficients c^ν_{λ/μ}(q) by G_{λ/μ}(X; q) := � ν c^ν_{λ/μ}(q)s_ν (X).

When q = 1, the ribbon functions become products of Schur functions (see [38]):

G_{λ/λ̃}(X; 1) = s_λ(0) s_λ(1) · · · s_λ(n−1) . (2.1)

This is a consequence of Littlewood’s n-quotient map. In fact, up to sign, G_λ(X; 1) is essentially ϕ_n(s_λ) where ϕ_n is the adjoint operator to taking the plethysm by p_n ([38]). More generally, G_{λ/μ}(X; q) reduces to a product of skew Schur functions at q = 1.

When n = 1, we have G_λ(X; q) = s_λ(X) and we just obtain the usual Schur functions. One of the main aims of this thesis is to generalise some of the properties of Schur functions described in Section 2.2.1 to arbitrary ribbon functions.

Remark 2.3. In [38], another set of symmetric functions H_λ(X; q) defined by H_λ(X; q) = G_{nλ}(X; q) is studied. It is not hard to see that H_λ(X; 1) = s_λ(X) + � μ≺λ d_{λ,μ}s_μ(X) for some d_{λ,μ} ∈ Z where ≺ denotes the usual dominance order on partitions. Thus the functions H_λ(X; q) form a basis of Λ(q) over Q(q). In [38] it is shown that the “cospin” version H̃_λ(X; q) generalise the modified Hall-Littlewood functions Q^′_λ(X; q); see [46].

Chapter 3

Ribbon Schur operators

This Chapter contains material from the paper [35], with some minor changes.

3.1 The algebra of ribbon Schur operators

Let K denote the field Q(q). Let F denote a vector space over K spanned by a countable basis {λ | λ ∈ P} indexed by partitions. We shall call F the Fock space. Define linear operators u^{(n)}_i : F → F for i ∈ Z which we call ribbon Schur operators by:

u^{(n)}_i : λ −→ � q^{spin(μ/λ)}μ if μ/λ is a n-ribbon with head lying on the i-th diagonal, 0 otherwise.

We will usually suppress the integer n in the notation, even though u_i depends on n. If we need to emphasize this dependence, we write u^{(n)}_i . We say that a partition λ has an i-addable ribbon if a n-ribbon can be added to λ with head on the i-th diagonal. Similarly, λ has an i-removable ribbon if a n-ribbon can be removed from λ with head on the i-th diagonal. Suppose the core λ̃ of λ has offset sequence (d_0, d_1, . . . , d_{n−1}). Then the operator u^{(n)}_{(dj +k)n+j} acts on the j-th partition λ^{(j)} of the n-quotient by adding a square on the k-th diagonal, and multiplying by a suitable power of q.

Observe that a skew shape λ/μ is a horizontal ribbon strip if there exists i_1 < i_2 < · · · < i_k so that u_{ik} u_{ik−1} · · · u_{i2} u_{i1} · μ = q^aλ for some integer a = spin(λ/μ).

Let U = U_n ⊂ End_K (F) denote the algebra generated by the operators {u^{(n)}_i } over K.

Proposition 3.1. The operators u_i satisfy the following commutation relations:

u_iu_j = u_ju_i for |i − j| ≥ n + 1, (3.1) u^2_i = 0 for i ∈ Z, (3.2) u_{i+n}u_iu_{i+n} = 0 for i ∈ Z, (3.3) u_iu_{i+n}u_i = 0 for i ∈ Z, (3.4) u_iu_j = q^2u_ju_i for n > i − j > 0. (3.5)

Furthermore, these relations generate all the relations that the u_i satisfy. The subalgebra generated by {u_i}^{i=kn}_{i=1} has dimension (C_k)^n where C_k =^1_{2k+1}

�_{2k} k � is the k-th Catalan number.

←→

Figure 3-1: Calculating relation (3.5) of Proposition 3.1.

Proof. Relations (3.1-3.4) follow from the description of ribbon tableaux in terms of the n-quotient and the usual relations for the operators u^{(1)}_i (see for example [12]). Relation (3.5) is a quick calculation (see Figure 3-1), and also follows from the inversion statistics of [51, 17] which give the spin in terms of the n-quotient.

Now we show that these are the only relations. The usual Young tableau case with n = 1 was shown by Billey, Jockush and Stanley in [2]. However, when q = 1, we are reduced to a direct product of n copies of this action as described earlier. The operators {u_i | i = k mod n} act on the k-th tableau of the n-quotient independently.

Let f = a_uu + a_vv + · · · ∈ U and suppose f acts identically as 0 on F. First suppose that some monomial u acts identically as 0. Then by the earlier remarks, the subword of u consisting only of {u_i | i = k mod n} must act identically as 0 for some k. Using relation (3.5), we see that we can deduce u = 0, using the result of [2].

Now suppose that a monomial v does not act identically as 0, so that v · μ = q^tλ for some t ∈ Z and μ, λ ∈ P. Collect all other monomials v^′ such that v^′ · μ = q^{b(v′)+t}λ for some b(v^′) ∈ Z. By Lemma 3.2 below, v^′ = q^{b(v′)}v. Since f · μ = 0 we must have � v^′ av^′ v

′ = 0 and by Lemma 3.2 this can be deduced from the relations (3.1-3.5). This shows that we can deduce f = 0 from the relations.

For the last statement of the theorem, relation (3.5) reduces the statement to the case n = 1. When n = 1, we think of the u_i as the Coxeter generators s_i of S_{k+1}. A basis of the algebra generated by {u^{(1)}_i }^k_{i=1} is given by picking a reduced decomposition for each 321- avoiding permutation – these are exactly the permutations with no occurrences of s_is_{i+1}s_i in any reduced decomposition. It is well known that the number of these permutations is equal to a Catalan number.

Lemma 3.2. Suppose u = u_{ik} u_{ik−1} · · · u_{i1} and v = u_{jl} u_{jl−1} · · · u_{j1} . If u · μ = q^tv · μ ≠ 0 for some t ∈ Z and μ ∈ P then u = q^tv as operators on F, and this can be deduced from the relations of Proposition 3.1.

Proof. Using relation (3.5) and the n-quotient bijection, we can reduce the claim to the case n = 1 which we now assume. So suppose u · μ = v · μ = λ. Then the multiset of indices {i_1, i_2, . . . , i_k} and {j_1, j_2, . . . , j_l} are identical, since these are the diagonals of λ/μ. In particular we have k = l.

We need only show that using relations (3.1-3.4) we can reduce to the case where u_{i1} = u_{j1} , and the result will follow by induction on k. Let a = min {b | j_b = i} where we set i = i_1. We can move u_{ja} to the right of v unless for some c < a, we have j_c = i ± 1. But μ has an i-addable corner, and so ν = u_{jc−1} u_{jc−2} · · · u_{j1} · μ also has an i-addable corner. This implies that u_{i±1} · ν = 0 so no such c can exist.

3.2 Homogeneous symmetric functions in ribbon Schur operators

Let h_k(u) := � i_1<i_2<···<i_k uik · · · ui1 be the “homogeneous” symmetric functions in the

operators u_i (the name makes sense since u^2_i = 0). Since the u_i do not commute, the ordering of the variables is important in the definition. The action of h_k(u) on F is well defined even though h_k(u) does not lie in U but in some completion. Alternatively, we may write_{i=−∞} � i=∞ (1 + xu_i) = ∞� i=0 x^kh_k(u)

where if i < j then (1+xu_i) appears to the right of (1+xu_j ) in the product. By the remarks in Section 3.1, the operator h_k(u) adds a horizontal ribbon strip of size k to a partition, so that h_k(u) · λ = � μ q^{spin(μ/λ)}μ

where the sum is over all horizontal ribbon strips μ/λ of size k.

The following proposition was shown in [38] using representation theoretic results in [28] (see Chapter 4). Our new proof imitates [12, 11].

Theorem 3.3. The elements {h_k(u)}^∞_{k=1} commute and generate an algebra isomorphic to the algebra of symmetric functions.

Proof. Given any fixed partition only finitely many u_i do not annihilate it. Since we are adding only a finite number of ribbons, it suffices to prove that h_k(u_a, u_{a+1}, . . . , u_b) commute for every two integers b > a. First suppose that n ≥ b − a. We may assume without loss of generality that a = 1 and b = n+1. We expand both h_k(u_a, u_{a+1}, . . . , u_b)h_l(u_a, u_{a+1}, . . . , u_b) and h_l(u_a, u_{a+1}, . . . , u_b)h_k(u_a, u_{a+1}, . . . , u_b) and collect monomials with the same set of indices I = {i_1 < i_2 < · · · < i_{k+l}}. By Proposition 3.1, any operator u_i can occur at most once in any such monomial. Suppose the collection of indices I does not contain both 1 and n + 1. Then by Proposition 3.1 we may reorder any such monomial u = u_{j1} u_{j2} · · · u_{jk+l} . into the form q^tu_{i1} u_{i2} · · · u_{ik+l} = q^tu_I . The integer t is given by twice the number of inversions in the word j_1j_2 · · · j_{k+l}. That the coefficient of u_I is the same in h_k(u_a, u_{a+1}, . . . , u_b)h_l(u_a, u_{a+1}, . . . , u_b) and h_l(u_a, u_{a+1}, . . . , u_b)h_k(u_a, u_{a+1}, . . . , u_b) is equivalent to the following generating function identity for permutations (alternatively, symmetry of a Gaussian polynomial).

Let D_{m,k} be the set of permutations of S_m with a single ascent at the k-th position and let d_{m,k}(q) = � w∈D_{m,k} q inv(w) where inv(w) denotes the number of inversions in w. Then

we need the identity d_{k+l,k}(q) = d_{k+l,l}(q).

This identity follows immediately from the involution on S_m given by w = w_1 · · · w_m → v = v_1 · · · v_m where v_i = m + 1 − w_{m+1−i}.

When I contains both 1 and n + 1 then we must split further into cases depending on the locations of these two indices: (a) u_{n+1} · · · u_1 · · · ; (b) · · · u_1u_{n+1} · · · ; (c) · · · u_{n+1} · · · u_1; (d) u_{n+1} · · · u_1. We pair case (a) of h_k(u_a, u_{a+1}, . . . , u_b)h_l(u_a, u_{a+1}, . . . , u_b) with case (c) of h_l(u_a, u_{a+1}, . . . , u_b)h_k(u_a, u_{a+1}, . . . , u_b) and vice versa; and also cases (b) and (d) with itself. After this pairing, and using relation (3.5) of Proposition 3.1, the argument goes as before. For example, in cases (a) and (c), we move u_{n+1} to the front and u_1 to the end.

Now we consider h_k(u_a, . . . , u_b) for b − a > n. Let E_{b,a}(x) = (1 + xu_b)(1 + xu_{b−1}) · · · (1 + xu_a). Note that E_{b,a}(x)^{−1} = (1 − xu_a)(1 − xu_{a+1}) · · · (1 − xu_b) is a valid element of U[x]. The commuting of the h_k(u_a, u_{a+1}, . . . , u_b) is equivalent to the following identity:

E_{b,a}(x)E_{b,a}(y) = E_{b,a}(y)E_{b,a}(x)

as power series in x and y with coefficients in U which we assume to be known for all (b, a) satisfying b − a < l for some l > n. Now let b = a + l. In the following we use the fact that u_a and u_b commute.

E_{b,a}(x)E_{b,a}(y) = E_{b,a+1}(x)(1 + xu_a)(1 + yu_b)E_{b−1,a}(y) = E_{b,a+1}(y)E_{b,a+1}(x) (E_{b,a+1}(y))^{−1} (1 + yu_b)(1 + xu_a) (E_{b−1,a}(x))^{−1} E_{b−1,a}(y)E_{b−1,a}(x) = E_{b,a+1}(y)E_{b,a+1}(x) (E_{b−1,a+1}(x)E_{b−1,a+1}(y))^{−1} E_{b−1,a}(y)E_{b−1,a}(x) = E_{b,a+1}(y)(1 + xu_b)(1 + yu_a)E_{b−1,a}(x) = E_{b,a}(y)E_{b,a}(x).

This proves the inductive step and thus also that the h_k(u) commute. To see that they are algebraically independent, we may restrict our attention to an infinite subset of the operators {u_i} which all mutually commute, in which case the h_k(u) are exactly the classical elementary symmetric functions in those variables.

Theorem 3.3 allows us to make the following definition, following [12].

Definition 3.4. The non-commutative (skew) Schur functions s_{λ/μ}(u) are given by the Jacobi-Trudi formula: s_{λ/μ}(u) = det � h_{λi−i+j−λj} (u)

�_{l(λ)}

i,j=1 .

Similarly, using Theorem 3.3 one may define the non-commutative symmetric function f(u) for any symmetric function f.

It is not clear at the moment how to write s_λ(u), or even just e_k(u) = s_1k (u), in terms of monomials in the u_i like in the definition of h_k(u). One can check, for example, that p_2(u) cannot be written as a non-negative sum of monomials.

3.3 The Cauchy identity for ribbon Schur operators

The vector space F comes with a natural inner product ⟨., .⟩ such that ⟨λ, μ⟩ = δ_{λμ}. Let d_i denote the adjoint operators to the u_i with respect to this inner product. They are given by d_i : λ −→ � q^{spin(λ/μ)}μ if λ/μ is a n-ribbon with head lying on the i-th diagonal, 0 otherwise.

The following lemma is a straightforward computation.

Lemma 3.5. Let i ≠ j be integers. Then u_id_j = d_j u_i.

Define U(x) and D(x) by

U(x) = · · · (1 + xu_2)(1 + xu_1)(1 + xu_0)(1 + xu_{−1}) · · · and D(x) = · · · (1 + xd_{−2})(1 + xd_{−1})(1 + xd_0)(1 + xd_1) · · · .

So U(x) = � k x^kh_k(u) and we similarly define h^⊥_k (u) by D(x) = � k x^kh^⊥_k (u). The operator h^⊥_k (u) acts by removing a horizontal ribbon strip of length k from a partition.

The main result of this section is the following identity.

Theorem 3.6. The following “Cauchy Identity” holds:

U(x)D(y) n−1� i=0 1 1 − q^{2i}xy

= D(y)U(x). (3.6)

A combinatorial proof of this identity was given by Marc van Leeuwen [42] via an explicit shape datum for a Schensted-correspondence. Our proof is suggested by ideas in [11] but considerably different to the techniques there. The following Corollary is immediate after equating coefficients of x^ay^b in Theorem 3.6.

Corollary 3.7. Let a, b ≥ 1 and m = min(a, b). Then

h^⊥_b (u)h_a(u) = m� i=0 h_i(1, q^2, . . . , q^{2(n−1)})h_{a−i}(u)h^⊥_{b−i}(u).

Define the operators h^{(j)}_i = (u_id_i)^j − (d_iu_i)^j for i, j ∈ Z and j ≥ 1. The operators h^{(j)}_i act as follows:

h^{(j)}_i : λ → � � � −q^{2j·spin(μ/λ)}λ if λ has an i-addable ribbon μ/λ, q^{2j·spin(λ/ν)}λ if λ has an i-removable ribbon λ/ν, 0 otherwise.

Since h^{(j)}_i acts diagonally on F in the natural basis, they all commute with each other. We will need the following proposition, due to van Leeuwen [42].

Proposition 3.8. Let λ be a partition and suppose ribbons R_i and R_j can be added or removed on diagonals i < j such that no ribbons can be added or removed on a diagonal d ∈ (i, j). Then one of the following holds:

1. Both R_i and R_j can be added and spin(R_j ) = spin(R_i) − 1.

2. Both R_i and R_j can be removed and spin(R_j ) = spin(R_i) + 1.

3. One of R_i and R_j can be added and the other can be removed and spin(R_j ) = spin(R_i).

For example, writing down, from bottom left to top right, the spins of the ribbons that can be added and removed from the partition in Figure 1-1 gives 2, 1, −1, 1, −1, 1, 0 where positive numbers denote addable ribbons and negative numbers denote removable ribbons.

Lemma 3.9. Let λ be a partition, i ∈ Z and j ≥ 1 be an integer. Suppose that λ has an i-addable ribbon with spin s. Then �_{k=∞} � k=i+1

h^{(j)}_k � λ = −(1 + q^{2j} + · · · + q^{2(s−1)j} )λ.

Suppose that a λ has an i-removable ribbon with spin s.. Then �_{k=∞} � k=i+1

h^{(j)}_k � λ = −(1 + q^{2j} + · · · + q^{2sj} )λ.

Also, if i is sufficiently small so that no ribbons can be added to λ before the i-th diagonal, then �_{k=∞} � k=i h^{(j)}_k � λ = −(1 + q^{2j} + · · · + q^{2(n−1)j} )λ.

Proof. This follows from Proposition 3.8 and the fact that the furthest ribbon to the right (respectively, left) that can be added to any partition always has spin 0 (respectively, n − 1).

Lemma 3.10. Let i, j ∈ Z and j ≥ 1. Then

u_i

�_{k=∞} � k=i+1

h^{(j)}_k � = �_{k=∞} � k=i h^{(j)}_k � u_i.

Similarly we have,

d_i

�_{k=∞} � k=i h^{(j)}_k � = �_{k=∞} � k=i+1

h^{(j)}_k � d_i.

Proof. We consider applying the first statement to a partition λ. The expression vanishes unless λ has an i-addable ribbon μ/λ, which we assume has spin s. Then we can compute both sides using Lemma 3.9. The second statement follows similarly.

We may rewrite equation (3.6) as

U(x)D(y) = D(y) n−1� i=0 (1 − q^ixy)U(x).

Now_{n−1} � i=0 (1 − q^{2i}xy) = n−1� i=0 (−1)^ie_i(1, q^2, . . . , q^{2(n−1)})(xy)^i and �_{i=∞}

i=−∞ h (j) i acts as the scalar −p_j(1, q^2, . . . , q^{2(n−1)}) = −(1 + q^{2j} + · · · + q^{2(n−1)j} ) by Lemma 3.9. Let us use the notation p_j(h_i) = −

�_∞

k=i h^{(j)}_k , for i ∈ Z ∪ {∞}. We also write

e_n(h_i) = � ρ⊢n ϵ_ρz^{−1}_ρ p_ρ(h_i) where p_ρ(h_i) = p_{ρ1} (h_i)p_{ρ2} (h_i) · · · and ϵ_ρ = (−1)^{|ρ|−l(ρ)} and z_ρ is as defined earlier. As scalar operators on F we have,

n−1� j=0 (1 − q^{2j} xy) = n� j=0 (−1)^j e_j (h_{−∞})(xy)^j = ∞� j=0 (−1)^j e_j (h_{−∞})(xy)^j .

Lemma 3.11. Let i ∈ Z. Then

(1 + yd_i)

�_∞ � k=0 (−1)^ke_k(h_i)(xy)^k � (1 + xu_i) = (1 + xu_i)

�_∞ � k=0 (−1)^ke_k(h_{i+1})(xy^k) � (1 + yd_i).

Proof. First we consider the coefficient of x^{k+1}y^k. We need to show that e_k(h_i)u_i = u_ie_k(h_{i+1}) which just follows immediately from the definition of e_k(h_i) and Lemma 3.10. The equality for the coefficient of x^ky^{k+1} follows in a similar manner.

Now consider the coefficient of (xy)^k. We need to show that

d_ie_{k−1}(h_i)u_i − e_k(h_i) − u_ie_{k−1}(h_{i+1})d_i + e_k(h_{i+1}) = 0.

By Lemma 3.10, this is equivalent to

((u_id_i − h_i)e_{k−1}(h_{i+1}) − e_k(h_i) − u_id_ie_{k−1}(h_i) + e_k(h_{i+1})) · λ = 0 (3.7)

for every partition λ. We now split into three cases depending on λ.

1. Suppose that that λ has a i-addable ribbon with spin s. Then d_i ·λ = 0 so (3.7) reduces to � e_k(h_{i+1}) + q^{2s}e_{k−1}(h_{i+1}) − e_k(h_i) � · λ = 0. Using Lemma 3.9, this becomes

e_k(1, q^2, . . . , q^{2(s−1)}) + q^{2s}e_{k−1}(1, q^2, . . . , q^{2(s−1)}) = e_k(1, q^2, . . . , q^{2s})

which is an easy symmetric function identity.

2. Suppose that that λ has a i-removable ribbon with spin s. Then u_id_i · λ = h_i · λ so we are reduced to showing

e_k(h_{i+1}) − e_k(h_i) − q^{2s}e_{k−1}(h_i) = 0

which by Lemma 3.9 becomes the same symmetric function identity as above. 3. Suppose that λ has neither a i-addable or i-removable ribbon. Then (3.7) becomes e_k(h_i) · λ = e_k(h_{i+1}) · λ so the result is immediate.

Theorem 3.6 now follows easily.

Proof of Theorem 3.6. We need to show that U(x)D(y) · λ = D(y)

�_{n−1} i=0 (1 − q^{2i}xy)U(x) · λ for each partition λ. But if we focus on a fixed coefficient x^ay^b, then for some integers s < t depending on λ, a and b, we may assume that u_i = d_i = 0 for i < s and i > t for all our computations. Thus it suffices to show that

(1 + xu_s) · · · (1 + xu_t)(1 + yd_t) · · · (1 + yd_s) = (1 + yd_t) · · · (1 + yd_s)

�_∞

k=0(−1)^ke_k(h_s)(xy)^k � (1 + xu_s) · · · (1 + xu_t).

Since by Lemma 3.5, (1 + xu_a) and (1 + yd_b) commute unless a = b, this follows by applying Lemma 3.11 repeatedly.

3.4 Ribbon functions and q-Littlewood Richardson Coefficients

In this section we connect the non-commutative Schur functions s_ν(u) with the q-Littlewood Richardson coefficients c^ν_{λ/μ}(q). The set up here is actually a special case of work of Fomin and Greene [12], though not all of their assumptions and results apply in our context.

Let x_1, x_2, . . . be commutative variables. Consider the Cauchy product in the commutative variables {x_i} and non-commutative variables {u_i} (not to be confused with the Cauchy identity in Section 3.3):

Ω(x, u) = ∞� j=1 �_∞ � i=∞ (1 + x_ju_i) �

where the product is multiplied so that terms with smaller j are to the right and for the same j, terms with smaller i are to the right. We have

Ω(x, u) = ∞� j=1 � � k x^k_j h_k(u) � = � λ s_λ(X)s_λ(u) = � λ m_λ(x)h_λ(u)

where we have used Theorem 3.3 and the classical Cauchy identity for symmetric functions.

Since each h_k(u) adds a horizontal ribbon strip, we see that

G_{λ/μ}(X; q) = � α x^α ⟨h_α(u) · μ, λ⟩ = � ν m_ν (x) ⟨h_ν (u) · μ, λ⟩ = ⟨Ω(x, u) · μ, λ⟩

where the sum is over all compositions α or all partitions ν. In the language of Fomin and Greene [12], these functions were denoted F_{g/h}. The symmetry of the ribbon functions follows from the fact that h_α(u) = h_β (u) if the compositions α and β are rearrangements of each other.

Theorem 3.12. The power series G_{λ/μ}(X; q) are symmetric functions in the (commuting) variables {x_1, x_2, . . .} with coefficients in K.

Other elementary proofs of Theorem 3.12 appear in [16, 34].

Let ⟨., .⟩_X be the (Hall) inner product in the X variables. The action of the noncommutative Schur functions in ribbon Schur operators s_ν (u) calculate the skew q-Littlewood Richardson coefficients.

Lemma 3.13. The q-Littlewood coefficients are given by c^ν_{λ/μ}(q) = ⟨s_ν(u) · μ, λ⟩.

Proof. We can write

c^ν_{λ/μ}(q) = � G_{λ/μ}(X; q), s_ν (X) � X = ⟨⟨Ω(x, u) · μ, λ⟩ , s_ν (X)⟩_X = � ρ ⟨s_ρ(X) ⟨s_ρ(u) · μ, λ⟩ , s_ν (X)⟩_X

= ⟨s_ν (u) · μ, λ⟩

Proposition 3.14. The noncommutative Schur function s_ν(u) can be written as a nonnegative sum of monomials if and only if the skew q-Littlewood Richardson coefficients c^ν_{λ/μ}(q) ∈ N[q] are non-negative polynomials for all skew shapes λ/μ.

Proof. The only if direction is trivial since ⟨u · μ, λ⟩ is always a non-negative polynomial in q for any monomial u in the u_i. Suppose c^ν_{λ/μ}(q) are non-negative polynomials for all skew shapes λ/μ. Write s_ν (u) as an alternating sum of monomials. Let u and v be two monomials occurring in s_ν (u). If u · μ = v · μ ≠ 0 for some partition μ then by Lemma 3.2, u = v. Now collect all terms v in s_ν(u) such that u · μ = q^{a(v)}v · μ. Collecting all monomials v with a fixed a(v), we see that we must be able to cancel out any negative terms since all coefficients in c^ν_{λ/μ}(q) = ⟨s_ν(u) · μ, λ⟩ are non-negative.

To our knowledge, a combinatorial proof of the non-negativity of the skew q-Littlewood Richardson coefficients is only known for the case n = 2 via the Yamanouchi domino tableaux of Carré and Leclerc [5]. When μ = ∅, Leclerc and Thibon [40] have shown using results of [60], that the q-Littlewood Richardson coefficients c^ν_λ(q) are non-negative polynomials in q; see also Section 4.1.3.

3.5 Non-commutative Schur functions in ribbon Schur operators

This section is logically independent of the remainder of the thesis. Based on Proposition 3.14, we suggest the following problem, which is the main problem of this Chapter.

Conjecture 3.15. We have:

1. The non-commutative Schur functions s_λ(u) can be written as a non-negative sum of monomials.

2. A canonical such expression for s_λ(u) can be given by picking some monomials occurring in h_λ(u). That is, s_λ(u) is a positive sum of monomials u = u_{ik} u_{ik−1} · · · u_{i1} where i_{λ1} > i_{λ1−1} > · · · > i_1 and i_{λ1+λ2} > i_{λ1 +λ2−1} > · · · > i_{λ1+1} and so on, where k = |λ|.

By the usual Littlewood-Richardson rule, Conjecture 3.15 also implies that the skew Schur functions s_{λ/μ}(u) can be written as a non-negative sum of monomials. If Conjecture 3.15 is true, we propose the following definition.

Conjectural Definition 3.16. Let λ/μ be a skew shape and ν a partition so that n|ν| = |λ/μ|. Let u = u_{ik} u_{ik−1} · · · u_{i1} be a monomial occurring in (a canonical expression of) s_ν (u) so that u.μ = q^aλ for some integer a. If Conjecture 3.15.(2) holds, then the action of u on μ naturally corresponds to a ribbon tableau of shape λ/μ and weight ν. We call such a tableau a Yamanouchi ribbon tableau.

In their work, Fomin and Greene [12] show that if the u_i satisfy certain relations then s_λ(u) can be written in terms of the reading words of semistandard tableaux of shape λ. These relations do not hold for our ribbon Schur operators. We shall see that a similar description holds for our s_λ(u) when λ is a hook shape, but appears to fail for other shapes.

The following theorem holds for any variables u_i satisfying Theorem 3.3. The commutation relations of Proposition 3.1 are not needed at all. Let T be a tableau (not necessarily semistandard). The reading word reading(T ) is obtained by reading beginning in the top row from right to left and then going downwards. If w = w_1w_2 · · · w_k is a word, then we set u_w = u_{w1} u_{w2} · · · u_{wk} .

Theorem 3.17. Let λ = (a, 1^b) be a hook shape. Then

s_λ(u) = � T u_{reading(T )} (3.8)

where the summation is over all semistandard tableaux T of shape λ. For our purposes, the semistandard tableaux can be filled with any integers not just positive ones, and the row and columns both satisfy strict inequalities (otherwise u_{reading(T )} = 0).

Proof. The theorem is true by definition when b = 0. We proceed by induction on b, supposing that the theorem holds for partitions of the form (a, 1^{b−1}). Let λ = (a, 1^b). The Jacobi-Trudi formula gives

s_λ(u) = det

� � � � � h_a(u) h_{a+1}(u) · · · h_{a+b−1}(u) h_{a+b}(u) 1 h_1(u) · · · h_{b−1}(u) h_b(u) 0 1 · · · h_{b−2}(u) h_{b−1}(u) . . . . . . . . . . 0 0 · · · 1 h_1(u)

� � � � � .

Expanding the determinant beginning from the bottom row we obtain

s_λ(u) = j=b� j=1 � (−1)^{j+1}s_{(a,1}b−j_)(u)h_j (u) � + (−1)^bh_{a+b}(u).

Using the inductive hypothesis, s_{(a,1}b−j_)(u)h_j (u) is the sum over all the monomials u = u_{i1} u_{i2} · · · u_{ia+b} satisfying i_1 > i_2 > · · · > i_a < i_{a+1} < · · · < i_{a+b−j} and i_{a+b−j+1} > i_{a+b−j+2} > · · · > i_{a+b}. Let A_j be the sum of those monomials also satisfying i_{a+b−j} < i_{a+b−j+1} and B_j be the sum of those such that i_{a+b−j} > i_{a+b−j+1} so that s_{(a,1}b−j_)(u)h_j (u) = A_j + B_j . Observe that B_j = A_{j+1} for j ≠ b and that B_b = h_{a+b}(u). Cancelling these terms we obtain s_λ(u) = A_1 which completes the inductive step and the proof.

In particular, when λ is a column we obtain the following theorem.

Theorem 3.18. Let k ≥ 1. The operator e_k(u) acts on F by adding vertical ribbon strips, so that e_k(u) · λ = � μ q^{spin(μ/λ)}μ

where the sum is over all vertical ribbon strips μ/λ of size k and spin(μ/λ) denotes the spin of the tiling of μ/λ as a vertical ribbon strip.

We speculate that when n > 2, the formula (3.8) of Theorem 3.17 holds if and only if λ is a hook shape. Combining Theorem 3.17 with the results of [16] one can obtain Macdonald positivity for coefficients of Schur functions labelled by hook shapes.

2 3 0 1 1 4 0 2 0 3 1 2

0 1 2 3 1 3 0 2 0 4 1 2

Figure 3-2: The bottom row contains some 3-commuting tableaux and the top row contains some tableaux which are not 3-commuting.

We now describe s_λ(u) for shapes λ of the form (s, 2). We will only need the following definition for these shapes, but we make the general definition in the hope it may be useful for other shapes.

Definition 3.19. Let T : {(x, y) ∈ λ} → Z be a filling of the squares of λ, where x is the row index, y is the column index and the numbering for x and y begins at 1. Then T is a n-commuting tableau if the following conditions hold:

1. All rows are increasing, that is, T (x, y) < T (x, y + 1) for (x, y), (x, y + 1) ∈ λ.

2. If (x, y), (x + 1, y) ∈ λ and y > 1 then T (x, y) ≤ T (x + 1, y). Also if y = 1 and (x + 1, 2) /∈ λ then T (x, 1) ≤ T (x + 1, 1).

3. Suppose the two-by-two square (x, 1), (x, 2), (x + 1, 1), (x + 1, 2) lies in λ for some y.

Then if T (x, 1) > T (x + 1, 1) we must have T (x + 1, 2) − T (x + 1, 1) ≤ n. Otherwise T (x, 1) < T (x + 1, 1) and either we have T (x, 2) ≤ T (x + 1, 1) or we have both T (x, 2) > T (x + 1, 1) and T (x + 1, 2) − T (x, 1) ≤ n.

We give some examples of commuting and non-commuting tableaux of shape (2, 2) in Figure 3-2.

Let us now note that the operators u_i satisfy the following Knuth-like relations, using Proposition 3.1. Let i, j, k satisfy either i < j < k or i > j > k, then depending on whether u_i and u_k commute, we have

1. Either u_iu_ku_j = u_ku_iu_j or u_iu_ku_j = u_j u_iu_k.

2. Either u_ju_ku_i = u_j u_iu_k or u_j u_ku_i = u_ku_iu_j .

Note that the statement of these relations do not explicitly depend on n.

Theorem 3.20. Let λ = (s, 2). Then

s_λ(u) = � T u_{reading}(T )

where the summation is over all n-commuting tableaux T of shape λ.

Proof. By definition s_λ(u) = h_s(u)h_2(u) − h_{s+1}(u)h_1(u). We have that h_{s+1}(u)h_1(u) is equal to the sum over monomials u = u_{i1} · · · u_{is+1} u_{is+2} such that i_1 > i_2 > · · · > i_{s+1}. We will show how to use the Knuth-like relations (1) and (2) to transform each such monomial into one that occurs in h_s(u)h_2(u), in an injective fashion.

Let a = i_{s−1}, b = i_s, c = i_{s+1} and d = i_{s+2} so that a > b > c. We may assume that a, b, c, d are all different for otherwise u = 0 by Prop 3.1. If c > d then u is already a monomial occurring in h_s(u)h_2(u). So suppose c < d. Now if d > b > c we apply the Knuth-like relations to transform v = u_au_bu_cu_d to either v^′ = u_au_bu_du_c or v^′ = u_au_cu_du_b, where we always pick the former if u_d and u_c commute. If b > d > c we may transform v = u_au_bu_cu_d to either v^′ = u_au_cu_bu_d or v^′ = u_au_du_bu_c again picking the former if u_b and u_c commute. In all cases the resulting monomial occurs in h_s(u)h_2(u) and the map v → v^′ is injective if the information of whether u_c commutes with both u_b and u_d is fixed. Writing {j_0 < j_1 < j_2 < j_3} for {a, b, c, d} to indicate the relative order we may tabulate the possible resulting monomials v^′ as reading words of the following “tableaux”:

a > b > c > d :

j_2 j_3 j_0 j_1

(j_0 < j_1 < j_2 < j_3 ∈ Z);

a > b > d > c :

j_0 j_3 j_1 j_2

(u_{j0} and u_{j2} commute)

j_1 j_3 j_0 j_2

(u_{j0} and u_{j2} do not commute);

a > d > b > c :

j_1 j_3 j_0 j_2

(u_{j0} and u_{j2} commute)

j_0 j_3 j_1 j_2

(u_{j0} and u_{j2} do not commute);

d > a > b > c :

j_1 j_2 j_0 j_3

(u_{j0} and u_{j3} commute)

j_0 j_2 j_1 j_3

(u_{j0} and u_{j3} do not commute).

Finally, cancelling these monomials from h_s(u)h_2(u), we see that the monomials in s_λ(u) are of the form u_{i1} · · · u_{is−3} u_{is−2} u_{reading(T )} for a tableau T of the following form, (satisfying i_{s−2} > t where t is the value in the top right hand corner):

j_0 j_1 j_2 j_3 with no extra conditions,

j_1 j_2 j_0 j_3 if u_{j3} and u_{j0} do not commute,

j_0 j_2 j_1 j_3 if u_{j3} and u_{j0} commute,

where in the first case j_0 < j_1 ≤ j_2 < j_3 and in the remaining cases j_0 < j_1 < j_2 < j_3. We may allow more equalities to be weak, but the additional monomials u_{reading(T )} that we obtain turn out all to be 0. One immediately checks that these monomials are the reading words of n-commuting tableaux of shape (s, 2).

By Theorem 3.17, e_k(u) = � i_1<i_2<···<i_k ui1 · · · uik . Thus using the dual Jacobi-Trudi

T = S = 2 3 0 1 0 3 1 2

Figure 3-3: The 3-commuting tableaux with shape (2, 2) and squares filled with {0, 1, 2, 3}.

1 2 1 2 Figure 3-4: The Yamanouchi ribbon tableau corresponding to c^{(2,2)}_{(4,4,4)}(q) = q^4.

formula, we can get a description for s_λ′ (u) whenever we have one for s_λ(u) by reversing the order ‘<’ on Z. This for example leads to a combinatorial interpretation for s_λ(u) of the form λ = (2, 2, 1^a) which we will not write out explicitly.

One can also obtain different combinatorial interpretations for s_λ(u) by for example changing h_a(u)h_2(u) to h_2(u)h_a(u) in the proof of Theorem 3.20. This leads to the reversed reading order on tableaux which also has the order ‘<’ reversed. In the case n = 2, the n-commuting tableaux are nearly the same as usual semistandard tableaux where row and column inequalities are strict. The reversed reading order on order-reversed semistandard tableaux would lead to the same combinatorial interpretation as Carré and Leclerc’s Yamanouchi domino tableaux [5].

It seems likely that Theorem 3.17 and Theorem 3.20 may be combined to give a description of s_λ(u) for λ = (a, 2, 1^b) but so far we have been unable to make progress on the case λ = (3, 3).

We end this section with an example.

Example 3.21. Let n = 3 and λ = (4, 4, 4). Let us calculate the coefficient of s_{22} in G_λ(X; q). The shape λ has ribbons on the diagonals {0, 1, 2, 3}, so we are concerned with 3-commuting tableaux of shape (2, 2) filled with the numbers {0, 1, 2, 3}. There are only two such tableaux S and T given in Figure 3-3. It is easy to see that u_{reading(T )}.∅ = 0 so the coefficient of s_{22} in G_λ(X; q) is given by the spin of the ribbon tableau corresponding to u_{reading(S)}.∅ = u_2u_1u_3u_0.∅. This tableau has spin 4, so that c^{(2,2)}_{(4,4,4)}(q) = q^4 (see Figure 3-4).

We may check directly that in fact

G_λ(X; q) = q^2s_{211} + q^4(s_{31} + s_{22}) + q^6s_{31} + q^8s_4.

3.6 Final remarks on ribbon Schur operators

3.6.1 Maps involving U_n

The algebra U_n has many automorphisms. The map sending u_i → u_{i+1} is an algebra isomorphism of U_n and the map sending u_i → u_{−i} a semi-linear algebra involution.

Proposition 3.22. There are commuting injections

U_1 → U_2 → U_3 · · ·

and surjections · · · U_3 ↠ U_2 ↠ U_1.

Proof. The injection U_{n−1} → U_n can be given by sending u_{k(n−1)+i} to u_{kn+i} where i ∈ {0, 1, . . . , n − 2}, though there are other choices. The surjection U_n ↠ U_{n−1} is given by sending u_{kn+i} to u_{k(n−1)+i} for i ∈ {0, 1, . . . , n − 2} and sending u_{kn+n−1} to 0 for all k ∈ Z. 3.6.2 The algebra U_∞

Picking compatible injections as above, the inductive limit U_∞ of the algebras U_n has a countable set of generators u_{i,j} (the image of u^{(n)}_{i+jn}) where i ∈ N and j ∈ Z. The generators are partially ordered by the relation (i, j) < (k, l) if either j < l, or j = l and i < k. The generators satisfy the following relations:

u_{i,j} u_{k,l} = u_{k,l}u_{i,j} if |j − l| ≥ 2 or if j = l ± 1 and i ≠ k, u^2_{i,j} = 0 for any i, j ∈ Z, u_{i,j}u_{i,j±1}u_{i,j} = 0 for any i, j ∈ Z, u_{i,j}u_{k,j} = q^2u_{k,j}u_{i,j} for i, j, k ∈ Z satisfying i > k, u_{i,j+1}u_{k,j} = q^2u_{k,j}u_{i,j+1} for i, j, k ∈ Z satisfying i < k.

Many of the results of this paper can be phrased in terms of U_∞. For example, one can define ∞-commuting tableaux which are maps T : λ → N × Z.

3.6.3 Another description of U_n

There is an alternative way of looking at the algebras U_n ⊂ End(F). Let u = u_0 be the operator adding a n-ribbon on the 0-th diagonal. As explained in Section 2.1 we may view a partition λ in terms of its {0, 1}-edge sequence {p_i(λ)}^∞_{i=−∞}. Let t be the operator which shifts a bit sequence {p_i}^∞_{i=−∞} one-step to the right, so that (t · p)_i = p_{i−1}. Note that t does not send a partition to a partition so we need to consider it as a linear operator on a larger space (spanned by doubly-infinite bit sequences, for example). It is clear that u_i = t^iut^{−i} and we may consider U_n as sitting inside an enlarged algebra Ũ_n = K[u, t, t^{−1}].

3.6.4 Connection with work of van Leeuwen and Fomin

Van Leeuwen [42] has given a spin-preserving Robinson-Schensted-Knuth correspondence for ribbon tableaux. The calculations in Section 3.3 are essentially an algebraic version of van Leeuwen’s correspondence, in a manner similar to the construction of the generalised Schensted correspondences in [11]. It would be interesting to make these relationships precise. This should, for example, yield purely bijective proofs of the ribbon Pieri rule (Theorem 4.12) and the symmetry of ribbon functions.

Chapter 4

Ribbon Pieri and Cauchy Formulae

In this chapter we will use the results of Chapter 3 concerning the operators h_k(u) and h^⊥_k (u) to deduce properties of the ribbon functions G_{λ/μ}(X; q). The operators {u_i | i ∈ Z} will no longer be used in our computations. The results in this chapter will appear in [33] in a different form.

Let K denote the field Q(q) as before. Define a representation ϕ : Λ(q) → End_K (F) of the symmetric functions on the Fock space by

ϕ : h_k −→ h_k(u).

By Proposition 3.3 and the fact that {h_k} generate Λ(q), this definition extends to a representation of Λ(q). Now let ψ : Λ → End_K (F) be the adjoint representation of Λ(q) on F, with respect to the inner product ⟨., .⟩. It is defined by ψ(h_k) = h^⊥_k (u).

For convenience we shall define S_λ := ϕ(s_λ) = s_λ(u).

4.1 Ribbon functions and the Fock space

4.1.1 The action of the Heisenberg algebra on F

The Heisenberg Algebra H is the associative algebra with 1 generated over K by a countable set of generators {B_k : k ∈ Z\ {0}} satisfying

[B_k, B_l] = l · a_l(q) · δ_{k,−l} (4.1)

for some elements a_l(q) ∈ K satisfying a_l(q) = a_{−l}(q). (Often the element 1 is called the central element and denoted c, but we will not need this generality). The Bosonic Fock

space representation K[H_−] of H is the polynomial algebra

K[H_−] := K[B_{−1}, B_{−2}, . . .].

The elements B_{−k} for k ≥ 1 act by multiplication on K[H_−]. The action of B_k for k ≥ 1 is given by (4.1) and the relation B_k · 1 = 0 for k ≥ 1.

An explicit construction of K[H_−] is given by Λ(q). We may identify B_k as the following operators:

B_k −→ � f −→ a_{−k}(q)p_{−k} · f for k < 0 f −→ k^∂_{∂pk} f for k > 0.

Under this identification, the operators B_k have degree −k.

A standard lemma that we shall need later is

Lemma 4.1. Let k ≥ 1 be an integer and λ be a partition. Then

B_kB_{−λ} = ka_k(q)m_k(λ)B_{−μ} + B_{−λ}B_k

where m_k(λ) is the number of parts of λ equal to k and μ is λ with one less part equal to k. If m_k(λ) = 0 to begin with then the first term is just 0.

Proof. We may commute B_k with B_{−λi} immediately for parts λ_i ≠ k. For each part equal to k, using the relation [B_{−k}, B_k] = ka_k(q) introduces one term of the form ka_k(q)B_{−μ}.

Combining Theorem 3.6 with Theorem 3.3 we obtain the following Theorem, first proved in [28] (the connection with ribbon tableaux was first shown in [38]):

Theorem 4.2. The maps ϕ and ψ generate and action of the Heisenberg algebra H with parameters a_l(q) = 1 + q^{2l} + · · · + q^{2(n−1)l} for l > 0 on F. The representation Θ : H → End_K (F) is given by

ϑ : B_k −→ � ϕ(p_{−k}) if k < 0 ψ(p_k) if k > 0.

Thus we have [ϕ(p_k), ψ(p_l)] = k

1 − q^{2nk} 1 − q^{2k} δ_{k,l}. (4.2)

Proof. When k and l have the same sign, the commutation relation follows from Theorem 3.3. For the other case, we first write (see [46, 55])

h_a(u) = � λ⊢a z^{−1}_λ p_λ(u),

where z_λ = 1^{m1(λ)}2^{m2 (λ)} · · · m_1(λ)!m_2(λ)! · · · and m_i(λ) denotes the number of parts of λ equal to i. We first show that (4.2) implies Corollary 3.7. Thus we need to show that (4.2) implies � � λ⊢b z^{−1}_λ p^⊥_λ (u) � � � λ⊢a z^{−1}_λ p_λ(u) �

= m� i=0 h_i(1, q^2 . . . , q^{2(n−1)}) � � λ⊢a−i

z^{−1}_λ p_λ(u) � � � λ⊢b−i

z^{−1}_λ p^⊥_λ (u) � .

Note that p_k(1, q, . . . , q^{2(n−1)}) =^{1−q2n|k|}_{1−q2|k|} . Let μ and ν be partitions such that m = |ν| = |μ|. One checks that the coefficient of p_μ(u)p^⊥_ν (u) on the right hand side is equal to z^{−1}_ν z^{−1}_μ � λ⊢m z^{−1}_λ p_λ(1, q^2, . . . , q^{2(n−1)}). Let ρ = λ ∪ μ and π = λ ∪ ν. We claim that the summand z^{−1}_ν z^{−1}_μ z^{−1}_λ p_λ(1, q^2, . . . , q^{2(n−1)}) is the coefficient of p_μ(u)p^⊥_ν (u) when applying (4.2) repeatedly to z^{−1}_π z^{−1}_ρ p^⊥_π (u)p_ρ(u). This is a straightforward computation, counting the number of ways of picking parts from ρ and π to make the partition λ.

Thus (4.2) implies Corollary 3.7, and since both the homogeneous and power sum symmetric functions generate the algebra of symmetric functions, Corollary 3.7 must be equivalent to (4.2).

Note that this action of the Heisenberg algebra differs from the one in the literature by the change of variables q → −q^{−1}. The operators B_{−k} = ϕ(p_k) and B_k = ψ(p_k) are known as Bosonic operators. For the remainder of this chapter, the Heisenberg algebra will always refer to the algebra with parameters a_l(q) = 1 + q^{2l} + · · · + q^{2(n−1)l} for l > 0.

For later use, we also define X^k_{λ/μ}(q) ∈ Q[q] by B_{−k} · μ = � λ X^k_{λ/μ}(q) · λ for k > 0.

Since B_k is adjoint to B_{−k} with respect to ⟨., .⟩, we also have B_k · λ = � λ X^k_{λ/μ}(q) · μ for k > 0. We will show in Section 4.4.3 that the coefficients X^k_{λ/μ}(q) can be described in terms of “border ribbon strips”.

4.1.2 The action of the quantum affine algebra U_q(^sl_n)

In this section we introduce the quantum affine algebra U_q(^sl_n) and describe its action on the Fock Space F. The connection with U_q(^sl_n) was the original motivation for the study of the action of H on F. We will not use the details of this description but we include the details for completeness. A concise introduction to the material of this section can be found in [39]. Throughout q can be thought of as either a formal parameter of as a generic complex number (not equal to a root of unity). We also assume familiarity with root systems.

We denote by h the Cartan subalgebra of ^sl_n which is spanned over C by the basis {h_0, h_1, . . . , h_{n−1}, D}. The dual basis is denoted by {Λ_0, Λ_1, . . . , Λ_{n−1}, δ} . We set α_i = 2Λ_i − Λ_{i−1} − Λ_{i+1} for i ∈ {1, 2, . . . , n − 2}, and α_0 = Λ_0 − Λ_{n−1} − Λ_1 + δ and α_{n−1} = −Λ_{n−2} + Λ_{n−1} − Λ_0. The generalised Cartan matrix [⟨α_i, h_j ⟩] will be denoted a_{ij} . Set P^∨ = (⊕^{n−1}_{i=0} Zh_i) ⊕ ZD.

The algebra U_q(^sl_n) is the associative algebra over K generated by elements e_i, f_i for 0 ≤ i ≤ n − 1, and q^h for h ∈ P^∨ satisfying the following relations:

q^hq^{h′} = q^{h+h′} ,

q^{hi} e_j q^{−hi} = q^{aij} e_j , q^{hi} f_jq^{−hi} = q^{−aij} f_j,

q^De_iq^{−D} = δ_{i0}q^{−1}e_0, q^Df_iq^{−D} = δ_{i0}qf_0,

[e_i, f_j] = δ_{ij} q^{hi} − q^{−hi} q − q^{−1} , 1−a_{ij}�

k=0 (−1)^k � 1 − a_{ij} k � e^{1−aij −k} i e_j e^k_i = 0 (i ≠ j),

1−a_{ij}�

k=0 (−1)^k � 1 − a_{ij} k � f^{1−aij −k} i f_jf^k_i = 0 (i ≠ j).

We have used the standard notation

[k] = q^k − q^{−k} q − q^{−1}

, [k]! = [k][k − 1] · · · [1],

and � n k � = [n]!

[n − k]![k]! .

The slightly smaller quantized enveloping algebra U^′_q(^sl_n) is defined by the same generators and relations as U_q(^sl_n) except that the Cartan part is replaced by q^h for h ∈ P^∨/ZD. In other words U^′_q(^sl_n) is the subalgebra of U_q(^sl_n) missing the generator q^D.

There is an action of the quantum affine algebra U_q(^sl_n) on F due to Hayashi [18] which was formulated essentially as follows by Misra and Miwa [48].

Recall that a cell (i, j) has content given by c(i, j) = i − j. Its residue p(i, j) ∈ {0, 1, . . . , n − 1} is then i − j mod n. We call (i, j) an indent k-node of λ if p(i, j) = k and λ ∪ (i, j) is a valid Young diagram. We make the analogous definition for a removable i-node.

Let i ∈ {0, 1, . . . , n − 1} and μ = λ ∪ δ for an indent i-node δ of λ. Now set N_i(λ) = #{indent i-nodes of λ} − #{removable i-nodes of λ}.

N^l_i (λ, μ) = #{indent i-nodes of λ to the left of δ (not counting δ)} − #{removable i-nodes of λ to the left of δ}.

N^r_i (λ, μ) = #{indent i-nodes of λ to the right of δ (not counting δ)} − #{removable i-nodes of λ to the left of δ}.

N^0(λ) = #{0 nodes of λ}.

Then we have the following theorem.

Theorem 4.3. The following formulae define an action of the quantum affine algebra U_q(^sl_n) on F:

q^{hi} · λ = q^{Ni(λ)}λ, for each i ∈ {0, 1, . . . , n − 1},

q^D · λ = q^{N 0(λ)}λ,

f_i · λ = � μ q^{N ri (λ,μ)}μ, summed over all μ such that μ/λ has residue i,

e_i · λ = � μ q^{−N li (λ,μ)}μ, summed over all μ such that λ/μ has residue i.

The U^′_q(^sl_n)-submodule of F generated by the vector ∅ can be seen to be the irreducible highest weight module with highest weight Λ_0, which we will denote V_{Λ0} .

Kashiwara, Miwa and Stern [28] have defined an action of the the affine Hecke algebra Ĥ_N on the tensor product V (z)⊗N of evaluation modules for the vector representation V of U^′_q(^sl_n). As N → ∞, it is shown in [28] that one obtains an action of the center Z(Ĥ_N ) as a copy of the Heisenberg algebra H on F, commuting with the action of U^′_q(^sl_n).

Theorem 4.4 ([28]). The representation Θ of H commutes with the action of the quantum affine algebra U^′_q(^sl_n). The Fock space F, regarded as a representation of U^′_q(^sl_n) ⊗ H decomposes as the tensor product

F ≃ V_{Λ0} ⊗ K[H_−]

where K[H_−] is the Fock space of the Heisenberg algebra H and V_{Λ0} is the highest weight representation with highest weight Λ_0.

We will return to quantum affine algebras in Chapter 5.

4.1.3 Relation to upper global bases of F Recall that Kashiwara [25] and Lusztig [45] have shown that irreducible representations of quantum groups possess distinguished bases known as global crystal bases. The Fock space F is not an irreducible representation of U_q(^sl_n) but nevertheless, Lascoux, Leclerc and Thibon [37, 40, 41] have defined and studied two global bases in F, which agree with the global crystal bases when we restrict to an irreducible component of F under the action of U_q(^sl_n). We will only be interested in the upper global basis. Note that throughout this section, our notation differs from that of the literature by the change of variables q → −q^{−1}.

The map v → v of the following Proposition is known as the bar involution and was defined by Leclerc and Thibon [40, 41].

Proposition 4.5. There exists a unique semi-linear map^− : F → F satisfying for each v ∈ F,

qv = q^{−1}v, f_i · v = f_i · v, e_i · v = e_i · v, B_{−k} · v = B_{−k} · v, B_k · v = −q^{−2(n−1)k}B_k · v.

This involution restricted to V_{Λ0} (the U_q(^sl_n) submodule with highest weight vector indexed by the empty partition) agrees with Kashiwara’s involution [25].

Theorem 4.6 ([40]). There exist unique vectors G_λ ∈ F for λ ∈ P satisfying:

G_λ = G_λ and G_λ ≡ λ mod qL^−

where L^− is the Z[q] submodule of F spanned by {λ | λ ∈ P}.

When we restrict this to V_{Λ0} ⊂ F, the G_λ is essentially the global upper crystal basis of V_{Λ0} (see [37, 26]). The following result connects the upper global basis with ribbon functions.

Theorem 4.7 ([40]). The upper global basis element G_{nλ} is given by

G_{nλ} = S_λ · ∅.

It follows immediately that {G_{nλ} | λ ∈ P} form a basis of the space of highest weight vectors of the action of U_q(^sl_n) on F. By Lemma 3.13, we have G_{nλ} = � μ c^λ_μ(q)μ and so the (non-skew) q-Littlewood Richardson coefficients c^λ_μ(q) are certain coefficients of the upper global basis.

Remark 4.8. Let G_λ = � μ l_{λ,μ}(q)μ,

for some polynomials l_{λ,μ}(q) ∈ Q[q]. Varagnolo and Vasserot [60] have shown that l_{λ,μ}(q) is a parabolic Kazhdan-Lusztig polynomial for the affine Hecke algebra of type A. These polynomials were introduced by Deodhar [6] and were shown to have non-negative coefficients by Kashiwara and Tanisaki [29], using the geometry of affine Schubert varieties. This implies that the q-Littlewood Richardson coefficients c^λ_μ(q) ∈ N[q] are polynomials with non-negative coefficients; see [40].

4.2 The map Φ : F → Λ(q)

Define a representation Θ^∗ : H → End_K (Λ(q)) by

B_k −→ � k^∂_{∂pk} for k > 0 �_{1−q2nk}

1−q^{2k} � p_k for k < 0.

Definition 4.9. Let Φ : F → Λ(q) be the Q(q)-linear map defined by

λ −→ G_{λ/λ̃}(X; q).

The map Φ has remarkable properties. It converts linear properties in F into algebraic properties in Λ(q). In [38], the Fock space F was identified with Λ and Φ called “the adjoint of the q-plethysm operator”, though its properties were not studied there.

The following theorem shows that Φ can be thought of as a projection of F onto the Fock space K[H_−] of H. It is a generalisation of the Boson-Fermion correspondence; see Chapter 5.

Theorem 4.10. The map Φ is a map of H-modules. More precisely,

Φ ∘ Θ = Θ^∗ ∘ Φ

as maps from H to Hom_K (F, Λ(q)).

Proof. We will check that Φ ∘ Θ(B_k) = Θ^∗(B_k) ∘ Φ for each k. Abusing notation, we do not distinguish B_k and Θ(B_k) from now on.

Let δ be an n-core which we fix throughout and suppose k ≥ 1. We will calculate the expression B_kS_λ · δ in two ways. By Lemma 3.13 we can write

B_kS_λ · δ = � μ∈P_δ

c^λ_{μ/δ} (q)B_k · μ = � ν∈P_δ

� � � μ∈P_δ

c^λ_{μ/δ} (q)X^k_{μ/ν} (q) � � ν.

On the other hand, we can compute B_kS_λ within H. We note that B_k · δ = 0, which follows from the definition B_k = p^⊥_k (u) and the fact we cannot remove any ribbons from the shape δ. Thus by Lemma 4.1, we have

B_kS_λ · δ = � 1 − q^{2nk} 1 − q^{2k} � � μ χ^k_{λ/μ}S_μ · δ

where the coefficients χ^k_{λ/μ} are given by p^⊥_k s_λ = � μ χ^k_{λ/μ}s_μ in Λ. By Lemma 3.13 again, we find that this is equal to � 1 − q^{2nk} 1 − q^{2k} � � μ χ^k_{λ/μ} � ν∈P_δ

c^μ_{ν/δ}(q) · ν = � ν∈P_δ � 1 − q^{2nk} 1 − q^{2k} � � μ χ^k_{λ/μ}c^μ_{ν/δ}(q) � ν.

Equating coefficients of ·ν we obtain � 1 − q^{2nk} 1 − q^{2k} � � μ χ^k_{λ/μ}c^μ_{ν/δ} (q) = � μ∈P_δ

c^λ_{μ/δ} (q)X^k_{μ/ν} (q). (4.3)

We now calculate � 1 − q^{2nk} 1 − q^{2k} � p_kG_{ν/δ}(X; q) = � 1 − q^{2nk} 1 − q^{2k} � � μ∈P_δ

c^μ_{ν/δ}(q)p_ks_μ

= � 1 − q^{2nk} 1 − q^{2k} � � μ c^μ_{ν/δ} (q) � � λ χ^k_{λ/μ}s_λ �

= � λ

� � � μ∈P_δ

c^λ_{μ/δ} (q)X^k_{μ/ν} (q) � � s_λ using Equation (4.3) = � μ∈P_δ

X^k_{μ/ν} (q)G_{μ/δ} (X; q),

which is equivalent to Θ^∗(B_{−k}) · Φ(ν) = Φ(Θ(B_{−k}) · ν). This is true for all ν and proves the claim for k < 0. The other case follows similarly.

We have proved Theorem 4.10 by a calculation expressing ribbon functions in the Schur basis. A similar calculation using other bases is certainly possible; see Section 5.2.2. Theorem 4.10 gives the following Corollary.

Corollary 4.11. Let λ be a partition and δ a n-core. The following identity holds in Λ(q).

s_λ[(1 + q^2 + · · · + q^{2(n−1)})X] = � μ∈P_δ

c^λ_{μ/δ} (q)G_{μ/δ} (X; q) = � μ∈P_δ , ν∈P

c^λ_{μ/δ} (q)c^ν_{μ/δ} (q)s_ν (X).

Proof. These are immediate consequences of Theorem 4.10 and Lemma 3.13 as Φ(δ) = 1 for an n-core δ.

Note that by Theorem 4.7, we can identify the image of the global basis element G_{nλ} under Φ:

Φ(G_{nλ}) = s_λ[(1 + q^2 + · · · + q^{2(n−1)})X].

4.3 Ribbon Pieri formulae

Define the formal power series

H(t) = � i≥1 n−1� k=0 1 1 − x_iq^{2k}t

; E(t) = � i≥1 n−1� k=0 � 1 + x_iq^{2k}t � .

These power series are completely natural in the context of Robinson-Schensted ribbon insertion where they are spin-weight generating functions for sets of ribbons; see Section 4.9. Suppressing the notation for n, we define symmetric functions h_k and e_k by

H(t) = � k h_kt^k ; E(t) = � k e_kt^k.

In plethystic notation, h_k = h_k[(1+q^2 +· · ·+q^{2(n−1)})X] and e_k = e_k[(1+q^2+· · ·+q^{2(n−1)})X]. The following theorem is an immediate consequence Theorem 4.10, the definition of the plethysm h_k[(1 + q^2 + · · · + q^{2(n−1)})X] and Theorem 3.18.

Theorem 4.12 (Ribbon Pieri Rule). Let λ be a partition with n-core δ. Then

h_kG_{λ/δ} (X; q) = � μ q^{spin(μ/λ)}G_{μ/δ} (X; q) (4.4)

where the sum is over all partitions μ such that μ/λ is a horizontal n-ribbon strip with k ribbons. Also e_kG_{λ/δ} (X; q) = � μ q^{spin(μ/λ)}G_{μ/δ} (X; q)

where the sum is over all partitions μ such that μ/λ is a vertical n-ribbon strip with k ribbons.

When n = 1, we recover the classical Pieri rule for Schur functions. We can obtain the two statements of Theorem 4.12 from each other via the involution ω_n of Section 4.5. Let mspin(λ) denote the maximum spin of a ribbon tableau of shape λ. By Theorem 4.12, we have h_k = � λ q^{mspin(λ)}G_λ(X; q) (4.5)

where the sum is over all λ with no n-core such that |λ| = kn with no more than n rows.

Example 4.13. Let n = 3, k = 2 and λ = (3, 1). Then

h_2G_{(3,1)} = G_{(9,1)} + qG_{(6,2,2)} + q^2G_{(4,4,2)} + q^2G_{(6,1,1,1,1)} + q^3G_{(3,3,2,1,1)} + q^4G_{(3,2,2,2,1)}.

Setting q = 1 in H(t) we see that h_k(X; 1) = � α h_α where the sum is over all compositions α = (α_0, . . . , α_{n−1}) satisfying α_0 + · · · + α_{n−1} = k. We may thus interpret Theorem 4.12 at q = 1 in terms of the n-quotient as the following formula: � � α h_α � s_λ(0) · · · s_λ(n−1) = � α (h_{α0} s_λ(0) ) · · · � h_{αn−1} s_λ(n−1) � (4.6)

where the sum is over the same set of compositions as above. Note that the right hand side of (4.6) is indeed equal to the right hand side of (4.4) at q = 1 since a horizontal ribbon strip of size k is just a union of horizontal strips with total size k in the n-quotient.

We also obtain lowering versions of the Pieri rules. By Theorem 4.10 again, we have

Proposition 4.14 (Ribbon Pieri Rule – Dual Version). Let λ be a partition with n-core δ and k ≥ 1 be an integer. Then

h^⊥_k G_{λ/δ}(X; q) = � μ q^{spin(λ/μ)}G_{μ/δ}(X; q)

where the sum is over all μ such that λ/μ is a horizontal ribbon strip. Similarly,

e^⊥_k G_{λ/δ}(X; q) = � μ q^{spin(λ/μ)}G_{μ/δ}(X; q)

where the sum is over all μ such that λ/μ is a vertical ribbon strip.

This is a spin version of a branching formula first observed by Schilling, Shimozono and White [51] (see Section 4.7).

4.4 The ribbon Murnaghan-Nakayama rule

4.4.1 Border ribbon strip tableaux Let s_λ(X) = � μ z^{−1}_μ χ^λ_μp_μ

be the expansion of the Schur functions in the power sum basis. When μ = (k) has only one part then we will write χ^λ_k for χ^λ_μ. The coefficients χ^λ_μ are the values of the character of S_{|λ|} indexed by λ on the conjugacy class indexed by μ. The classical Murnaghan-Nakayama rule gives a combinatorial interpretation of these numbers:

χ^λ_μ = � T (−1)^{h(T )}

where the sum is over all border-strip tableaux of shape λ and type μ. The numbers χ^λ_μ are in fact the characters of the irreducible representation labelled by λ of the symmetric group S_{|λ|}, where μ is the type of the conjugacy class. See for example [55, Ch 7.18].

More generally, we have (see [55, 46])

Proposition 4.15. Let λ be a partition and α be a composition. Expand

p_αs_λ(X) = � μ χ^{μ/λ}_α s_μ(X).

Then χ^{μ/λ}_α is given by χ^{μ/λ}_α = � T (−1)^{h(T )}

where the sum is over all border strip tableaux T of shape μ/λ and type α.

Note that the border strip tableaux here should not be confused with ribbon tableaux. A border strip tableau may have border strips of different sizes. A ribbon tableau has all ribbons of length n. Proposition 4.15 is usually shown algebraically using the expression of the Schur function as a bialternant s_λ = a_{λ+δ}/a_δ. Theorem 4.20 will imply that it can also be derived formally from the Pieri formula. We now generalise border strip tableaux to border ribbon strip tableaux.

Definition 4.16. A border ribbon strip S is a connected skew shape λ/μ with a distinguished tiling by disjoint non-empty horizontal ribbon strips S_1, . . . , S_a such that the diagram S_{+i} = ∪_{j≤i}S_j is a valid skew shape for every i and for each connected component C of S_i we have

1. The set of ribbons C ∪ S_{i−1} do not form a horizontal ribbon strip. Thus C has to “touch” S_{i−1} “from below”.

2. No sub horizontal ribbon strip C^′ of C which can be added to S_{i−1} satisfies the above property. Since C is connected, this is equivalent to saying that only the rightmost ribbon of C touches S_{i−1}.

We further require that S_1 is connected. The height h(S_i) of the horizontal ribbon strip S_i is the number of its components (two squares are connected if they share a side, but not if they only share a corner). The height h(S) of the border ribbon strip is defined as h(S) = ( � i h(S_i)) − 1. The size of the border ribbon strip S is then the total number of ribbons in ∪_iS_i. A border ribbon strip tableau is a chain T = λ_0 ⊂ λ_1 · · · ⊂ λ_r of shapes together with a structure of a border ribbon strip for each skew shape λ_i/λ_{i−1}. The type of T = λ_0 ⊂ λ_1 · · · ⊂ λ_r is then the composition α with α_i equal to the size of λ_i/λ_{i−1}. The height h(T ) is the sum of the heights of the composite border ribbon strips. Define ~X ν_{μ/λ}(q) ∈ Z[q] by ~X^ν_{μ/λ}(q) = � T (−1)^{h(T )}q^{spin(T )}

summed over all border ribbon strip tableaux of shape μ/λ and type ν. We will show in Section 4.4.2 that ~X^ν_{μ/λ}(q) = X^ν_{μ/λ}(q).

Note that this definition reduces to the usual definition of a border strip and border strip tableau when n = 1, in which case all the horizontal strips T_i of a border ribbon strip must be connected.

Example 4.17. Let n = 2 and λ = (4, 2, 2, 1). Suppose S is a border ribbon strip such that S_1 has shape (7, 5, 2, 1)/(4, 2, 2, 1), and thus it has size 3 and spin 1. We will now determine all the possible horizontal ribbon strips which may form S_2. It suffices to find the possible connected components that may be added. The domino (9, 5, 2, 1)/(7, 5, 2, 1) may not be added since its union with S_1 is a horizontal ribbon strip, violating the conditions of the definition. The domino strip (8, 8, 2, 1)/(7, 5, 2, 1) is not allowed since the domino (8, 8, 2, 1)/(7, 7, 2, 1) can be removed and we still obtain a strip which touches S_1.

The connected horizontal ribbon strips C which can be added are (7, 7, 2, 1)/(7, 5, 2, 1), (7, 5, 3, 3, 2, 1)/(7, 5, 2, 1) and (7, 5, 4, 1)/(7, 5, 2, 1) as shown in Figure 4-1. Thus assuming S_2 is non-empty, there are 5 choices for S_2, corresponding to taking some compatible combination of the three connected horizontal ribbon strips above.

Example 4.18. Let n = 2. We will calculate ~X^5_{λ/μ}(q) for λ = (5, 5, 2) and μ = (2). The relevant border ribbon strips S are (successive differences of the following chains denote the S_i)

• (2) ⊂ (5, 5, 2) with height 0 and spin 5,

• (2) ⊂ (5, 3, 2) ⊂ (5, 5, 2) with height 1 and spin 3,

S_1

S_1

S_1 C

C C C S_1

S_1

S_1 S_1

S_1

S_1 C

Figure 4-1: Calculation of the connected horizontal strips C which can be added to the shape S_1 = (7, 5, 2, 1)/(4, 2, 2, 1) to form a border ribbon strip. The resulting border ribbon strips all have height 1.

• (2) ⊂ (5, 5) ⊂ (5, 5, 2) with height 1 and spin 3,

• (2) ⊂ (5, 3) ⊂ (5, 5, 2) with height 2 and spin 1.

Thus ~X^5_{λ/μ}(q) = q^5 − 2q^3 + q.

The condition on a horizontal ribbon strip to be connected can be described in terms of the n-quotient as follows. Let T be a ribbon tableau with n-quotient � T^{(0)}, . . . , T^{(n−1)} � . Let {(d_i, p_i)} be the set of diagonals which are nonempty in the n-quotient of the horizontal ribbon strip R: thus diagonal diag_{di} of T^{(pi)} contains a square corresponding to some ribbon in the horizontal ribbon strip R. Then the horizontal ribbon strip R is connected if and only if the set of integers {d_i} is an interval (connected) in Z. Thus border ribbon strips may be characterised in terms of the n-quotient.

4.4.2 Formal relationship between Murnaghan-Nakayama and Pieri rules

Let V be a vector space over K and {v_λ}_{λ∈P} be a set of vectors in V labelled by partitions. Suppose {P_k} are commuting linear operators satisfying

P_kv_λ = � μ ~X^k_{μ/λ}(q)v_μ for all k, (4.7)

then we will say that the ribbon Murnaghan-Nakayama rule holds for {P_k}. Suppose {H_k} are commuting linear operators on V satisfying

H_kv_λ = � μ K_{μ/λ,k}(q)v_μ for all k, (4.8)

then we will say that the ribbon Pieri formula holds for {H_k}.

If the skew shapes μ/λ are replaced by λ/μ in the above formulae, we get adjoint versions of these formulae which can be thought of as lowering operator formulae. Thus if a set of commuting linear operators {P^∗_k } satisfies

P^∗_k v_λ = � μ ~X^k_{λ/μ}(q)v_μ for all k,

then we will say the lowering ribbon Murnaghan-Nakayama rule holds, and similarly for the lowering ribbon Pieri rule. We begin by observing the following easy lemma.

Lemma 4.19. The power sum and homogeneous symmetric functions satisfy:

mh_m = p_{m−1}h_1 + p_{m−2}h_2 + · · · + p_m.

Proof. See Chapter I, (2.10) in [46].

Theorem 4.20. Fix n ≥ 1 as usual. Let {H_k} and {P_k} be commuting sets of linear operators, acting on a K-vector space V , satisfying the relations of Lemma 4.19 between h_k and p_k in Λ. Then the ribbon Murnaghan-Nakayama rule (4.7) holds for {P_k} if and only if the ribbon Pieri rule (4.8) holds for {H_k} (with respect to the same set of vectors {v_λ}_{λ∈P} ). An analogous statement holds for the lowering versions of the respective rules.

Proof. Let us suppose that (4.7) holds. We will proceed by induction on k. Since H_1 = P_1 and a border ribbon strip of size 1 is exactly the same as a horizontal ribbon strip of size 1, the starting condition is clear. Now suppose the proposition has been shown up to k − 1. By assumption, kH_k acts on V in the same way that H_{k−1}P_1 + H_{k−2}P_2 + · · · + P_k does.

We first consider the coefficient of v_μ in (H_{k−1}P_1 + H_{k−2}P_2 + · · · + P_k) · v_λ by formally applying the rules (4.7) and (4.8). We obtain one term for each pair (S, T ) where S is a border ribbon strip of size between 1 and k satisfying sh(S) = ν/λ (for some ν) and T is a horizontal ribbon strip of size k − size(S) satisfying sh(T ) = μ/ν. Denote by (S_1, . . . , S_a) the distinguished decomposition of S into horizontal ribbon strips.

Construct a directed graph G_{λ,μ,k} with vertices labelled by such pairs S = {(S, T )}. We have an edge (S, T ) −→ (S − S_a, T ∪ S_a) (4.9)

for every pair (S, T ) such that a > 1 and T ∪ S_a is a horizontal strip (with the induced tiling). We claim that every non isolated connected component W of G_{λ,μ,k} is an inward pointing star. Indeed, every vertex must have outdegree or indegree equal to 0, and the maximum outdegree is 1, since by Condition 1 of Definition 4.16 the right hand vertex of (4.9) has outdegree 0.

Let us consider a vertex (S^′, T^′) (where S^′ = {S^′_1, . . . , S^′_a}) with non-zero indegree. Now let C be a component of T^′ such that C ∪ S^′_a is not a horizontal ribbon strip. Then there is a unique sub-horizontal ribbon strip C^′ of C which can be added to S^′ to form a border ribbon strip, by Condition 2 of Definition 4.16. This C^′ may be described as follows. Order the ribbons of C from left to right c_1, c_2, . . . , c_l. Find the smallest i such that c_i touches the bottom of S^′_a and we set C^′ = {c_1, c_2, . . . , c_i}. We call such a horizontal ribbon strip C^′ an addable strip of T^′ (with respect to S^′).

A non-isolated connected component W_{(S}′_{,T} ′_) of G_{λ,μ,k} contains exactly of such a vertex (S^′, T^′) together with the pairs (S, T ) such that S = {S^′_1, . . . , S^′_a, S_{a+1}}, and S_{a+1} is the union of some (arbitrary) subset of the set of addable strips of T^′. It is immediate from the construction that (S, T ) will be a valid pair in S. The contribution of W_{(S}′_{,T} ′_) to the coefficient of v_μ in (H_{k−1}P_1 + H_{k−2}P_2 + · · · + P_k) · v_λ is � (S,T )∈W_{(S}′_{,T} ′_)

(−1)^{h(S)}q^{spin(S∪T )} = (−1)^{h(S′)}q^{spin(S′∪T ′)} � {C^′}

(−1)^{|{C′}|}

where on the right hand side, {C^′} varies over arbitrary subsets of addable strips of T^′ (we have used the fact that the tiling never changes so the spin is constant, together with the definition of height). This contribution is 0, corresponding to the identity (1 − 1)^c = 0 where c is the number of addable strips of T^′.

It remains to consider the contribution of the isolated vertices: these are pairs (S, T ) where S = (S_1) is a connected horizontal ribbon strip such that S ∪ T is also a horizontal ribbon strip. Since S is connected we can recover it from S ∪ T by specifying its rightmost ribbon, by Condition 1 of Definition 4.16. Thus such pairs occur exactly k times for each horizontal ribbon strip of shape μ/λ, and hence the ribbon Pieri rule (4.8) is satisfied for the operator H_k.

The converse and dual claims follow from the same argument.

4.4.3 Application to ribbon functions

It is now clear that the action of the bosonic operators B_k on F can be described in terms of border ribbon strips.

Theorem 4.21. We have X^k_{λ/μ}(q) = ~X^k_{λ/μ}(q).

Proof. The operators h_k(u) commute and satisfy the ribbon Pieri rule (4.8) with respect to the basis {λ | λ ∈ P}, by definition. The claim follows from Theorem 4.20 applied to V = F and v_λ = λ.

The next theorem is a ribbon analogue of the classical Murnaghan-Nakayama rule which calculates the characters of the symmetric group.

Theorem 4.22 (Ribbon Murnaghan-Nakayama Rule). Let k ≥ 1 be an integer and ν be a partition with n-core δ. Then � 1 + q^{2k} + · · · + q^{2k(n−1)} � p_kG_{ν/δ}(X; q) = � μ ~X^k_{μ/ν} (q)G_{μ/δ} (X; q). (4.10)

Also k ∂ ∂p_k

G_{ν/δ}(X; q) = � μ ~X^k_{ν/μ}(q)G_{μ/δ} (X; q).

Proof. The theorem follows from Theorems 4.20 and 4.12, where V = Λ(q) and v_λ = G_{λ/δ}(X; q).

It is rather difficult to interpret Theorem 4.22 in terms of the n-quotient at q = 1. When q = 1 the product � 1 + q^{2k} + · · · + q^{2k(n−1)} � p_kG_{λ/δ} (X; q) becomes np_ks_λ(0) s_λ(1) · · · s_λ(n−1) which may be written as the sum of n usual Murnaghan-Nakayama rules as

n−1� i=0 s_λ(0) · · · (p_ks_λ(i) ) · · · s_λ(n−1) .

Thus we might expect that border ribbon strips of size k correspond to adding a usual ribbon strip of size k to one partition in the n-quotient. However, the following example shows that this cannot work.

Example 4.23. By the ribbon Murnaghan-Nakyama rule (Theorem 4.22) with k = n = 2 and ν = ∅,

(1 + q^4)p_2 · 1 = G_{(4)} + qG_{(3,1)} + (q^2 − 1)G_{(2,2)} − qG_{(2,1,1)} − q^2G_{(1,1,1,1)}.

We can compute directly that

G_{(4)} = h_2, G_{(3,1)} = qh_2, G_{(2,1,1)} = qe_2

G_{(2,2)} = q^2h_2 + e_2, G_{(1,1,1,1)} = q^2e_2,

verifying Theorem 4.22 directly. On the other hand, the shapes which correspond to a single border strip in one partition of the 2-quotient are {(4), (3, 1), (2, 1, 1), (1, 1, 1, 1)} and the corresponding G_λ terms do not give (1 + q^4)p_2.

It seems possible that the ribbon Murnaghan-Nakayama rule may have some relationship with the representation theory of the wreath products S_nwrC_p, or even more likely to the cyclotomic Hecke algebras associated to these wreath products (see for example [47]).

4.5 The ribbon involution ω_n

Define a semi-linear involution v → v^′ on F by q → q^′ = q^{−1} and

λ −→ λ^′.

Proposition 4.24 ([40, Proposition 7.10]). For all w ∈ F and compositions β satisfying |β| = k we have

(h_β (u) · w)^′ = q^{−(n−1)k}e_β (u) · w^′, (h^⊥_β (u) · w)^′ = q^{−(n−1)k}e^⊥_β (u)w^′.

Proof. We use the descriptions of the action of h_k(u) and e_k(u) in terms of horizontal and vertical ribbon strips, together with the calculation spin(T ) + spin(T^′) = (n − 1) · r for a ribbon tableau T and its conjugate T^′ which contain r ribbons.

Now we will define an involution w_n on Λ(q) which is essentially the image of the involution v → v^′ on the Fock space F. However, this involution will turn out to be not just a semi-linear involution, but also a Q-algebra isomorphism of Λ(q).

Definition 4.25. Define the ribbon involution w_n : Λ(q) → Λ(q) as the semi-linear map satisfying w_n(q) = q^{−1} and w_n(s_λ) = q^{(n−1)|λ|}s_λ′ .

Theorem 4.26. The map w_n is a Q-algebra homomorphism which is an involution. It maps G_{λ/μ} into G_{(λ/μ)}′ for every skew shape λ/μ.

Proof. The fact that w_n is an algebra homomorphism follows from the fact that if s_λs_μ = � c^ν_{λμ}s_ν then s_λ′ s_μ′ = � c^ν_{λμ}s_ν′ , and that the grading is preserved by multiplication. That w_n is an involution is a quick calculation.

For the last statement, we use Proposition 4.24 and the fact that the involution w(h_n) = e_n satisfies w(s_λ) = s_λ′ to obtain (S_ν · μ)^′ = q^{−(n−1)k}S_ν′ · μ^′. By Lemma 3.13 this implies that � λ c^ν_{λ/μ}(q^{−1})λ^′ = q^{−(n−1)k} � λ c^{ν′}_λ′_{/μ}′ (q)λ^′.

Here k = |ν|. Equating coefficients of λ^′ we obtain c^ν_{λ/μ}(q^{−1}) = q^{−(n−1)k}c^{ν′}_{λ′/μ′} (q). Thus

w_n(G_{λ/μ}) = � ν w_n(c^ν_{λ/μ}(q)s_ν ) = � ν � c^{ν′}_λ′_{/μ}′ (q)q^{−(n−1)|ν|} � q^{(n−1)|ν|}s_ν′ = G_λ′_{/μ}′ .

Let Υ_{q,n} denote the map Λ(q) → Λ(q) given by the plethysm f → f[(1 + q^2 + · · · + q^{2(n−1)})X]. Note that p_k[(1 + q^2 + · · · + q^{2(n−1)})X] = (1 + q^{2k} + · · · + q^{2k(n−1)})p_k(X). Proposition 4.27. Let f ∈ Λ(q) have degree k. Then we have

q^{2(n−1)k}ω_n (Υ_{q,n}(f)) = Υ_{q,n} (ω_n(f)) .

In particular, if λ ⊢ k we have

ω_n � s_λ[(1 + q^2 + · · · + q^{2(n−1)})X] � = q^{−(n−1)k}s_λ′ [(1 + q^2 + · · · + q^{2(n−1)})X].

Proof. Since both ω_n and Υ_{q,n}(f) are Q-algebra homomorphisms we need only check this for the elements p_k and for q, for which the computation is straightforward.

4.6 The ribbon Cauchy identity

Define the formal power series Ω_n(XY ; q) and Ω̃_n(XY ; q) by

Ω_n(XY ; q) = � i,j n−1� k=0 1 1 − x_iy_jq^{2k}

; Ω̃_n(XY ; q) = � i,j n−1� k=0 � 1 + x_iy_jq^{2k} � .

A combinatorial proof via ribbon insertion of the following identity was given by van Leeuwen [42].

Theorem 4.28 (Ribbon Cauchy Identity). Fix n as usual and a n-core δ. Then

Ω_n(XY ; q) = � G_{λ/δ} (X; q)G_{λ/δ} (Y ; q)

where the sum is over all λ such that λ̃ = δ.

Unlike for the Schur functions, this does not imply that the G_{λ/δ} form an orthonormal basis under a certain inner product, as they are not linearly independent. Proof. By Corollary 4.11 we have

s_λ[(1 + q^2 + · · · + q^{2(n−1)})X] = � μ∈P_δ

c^λ_{μ/δ} (q)G_{μ/δ} (X; q).

Thus � λ s_λ[(1 + q^2 + · · · + q^{2(n−1)})X]s_λ(Y ) = � μ∈P_δ � � λ c^λ_{μ/δ} (q)s_λ(Y ) � G_{μ/δ} (X; q) = � μ∈P_δ

G_{μ/δ} (X; q)G_{μ/δ} (Y ; q).

Let Υ_{q,n}(X) denote the algebra automorphism of Λ[X](q) ⊗_K Λ[Y ](q) given by applying Υ_{q,n} to the X variables only. Applying Υ_{q,n}(X) to log � i,j 1 1−x_iy_j � = � k 1 n p_k(X)p_k(Y ) gives log � i,j �_{n−1} k=1 1 1−x_iy_j q^{2k} � which is exactly log(Ω_n). Thus applying Υ_{q,n}(X) to the usual Cauchy identity for Schur functions ( � i,j 1 1−x_iy_j = � λ s_λ(X)s_λ(Y )) gives

Ω_n(XY ; q) = � λ s_λ[(1 + q^2 + · · · + q^{2(n−1)})X]s_λ(Y )

from which the Theorem follows.

Theorem 4.28 can also be deduced directly from Theorem 3.6. See Section 5.2.3. Now let us compute ω_n(Ω) where we let ω_n : Λ[X](q) ⊗_K Λ[Y ](q) → Λ[X](q) ⊗_K Λ[Y ](q) act on the X variables by

ω_n(f(X; q) ⊗ g(Y ; q)) −→ ω_n(f(X; q)) ⊗ g(Y ; q^{−1}).

One checks immediately that this is indeed an algebra involution. We have (fixing an n-core δ)

ω_n(Ω_n) = � λ∈P_δ

G_λ′_{/δ}′ (X; q)G_{λ/δ} (Y ; q^{−1}).

Also,

ω_n(Ω_n) = � λ q^{(n−1)|λ|}s_λ′ (X)s_λ[(1 + q^{−2} + · · · + q^{−2(n−1)})Y ] = � i,j n−1� k=0 (1 + x_iy_jq^{n−1−2k}).

Thus � λ∈P_δ

G_λ′_{/δ}′ (X; q)G_{λ/δ} (Y ; q^{−1}) = � i,j n−1� k=0 (1 + x_iy_jq^{n−1−2k}).

If we multiply the d^{th} graded piece of each side by q^{(n−1)d} we obtain the following result. Proposition 4.29 (Dual Ribbon Cauchy Identity). Fix an n-core δ. We have

Ω̃_n(XY ; q) = � λ∈P_δ

q^{(n−1)|λ/λ̃|}G_λ′_{/δ}′ (X; q)G_{λ/δ} (Y ; q^{−1}).

4.7 Skew and super ribbon functions

We now describe some properties of the skew ribbon functions G_{λ/μ}(X; q). Unfortunately, we have been unable to describe them in analogy with the formula s_{λ/μ} = s^⊥_λ s_μ. However, we do have the following skew ribbon Cauchy identity. Proposition 4.30. Let μ be any partition. Then

G_{μ/μ̃}(X; q)Ω_n(XY ; q) = � λ G_{λ/λ̃}(X; q)G_{λ/μ}(Y ; q)

where the sum is over all λ satisfying λ̃ = μ̃.

Proof. Lemma 3.13 and Theorem 4.10 imply that

s_ν [(1 + q^2 + . . . + q^{2(n−1)})X]G_{μ/μ̃}(X; q) = � λ c^ν_{λ/μ}(q)G_{λ/λ̃}(X; q).

Now multiply both sides by s_ν (Y ) and sum over ν. Finally use Theorem 4.28.

Alternatively, one can prove Proposition 4.30 using Theorem 3.6 directly. Schilling, Shimozono and White [51] have also used skew ribbon functions, as follows (their original result used cospin rather than spin). By the combinatorial definition of G_λ we immediately have the coproduct expansion G_λ(X + Y ; q) = � μ G_μ(X; q)G_{λ/μ}(Y ; q). Since (see [46]), Δf = � μ s^⊥_μ f ⊗ s_μ we get immediately that

s^⊥_ν G_λ(X; q) = � μ G_μ(X; q) � G_{λ/μ}(Y ; q), s_ν � .

Setting ν = (k) we obtain the lowering version of the Pieri rule (Proposition 4.14).

Another related generalisation of the usual ribbon functions are super ribbon functions. Fix a total order ≺ on two alphabets A = {1 < 2 < 3 < · · ·} and A^′ = {1^′ < 2^′ < 3^′ < · · ·} (which we assume to be compatible with each of their natural orders). For example, one could pick 1 ≺ 1^′ ≺ 2 ≺ 2^′ ≺ · · · .

Definition 4.31. A super ribbon tableau T of shape λ/μ is a ribbon tableau of the same shape with ribbons labelled by the two alphabets such that the ribbons labelled by a for a ∈ A form a horizontal ribbon strip and those labelled by a^′ for a^′ ∈ A^′ form a vertical ribbon strip. These strips are required to be compatible with the chosen total order. Thus the shape obtained by removing ribbons labelled by elements ≻ i must be a skew shape λ_{⪯i}/μ, for each i ∈ A ∪ A^′.

Define the super ribbon function G_{λ/μ}(X/Y ; q) as the following generating function:

G_{λ/μ}(X/Y ; q) = � T q^{spin(T )}x^{w(T )}(−y)^{w′(T )}

where the sum is over all super ribbon tableaux T of shape λ/μ and w(T ) is the weight in the first alphabet A while w^′(T ) is the weight in the second alphabet A^′. For a composition α, we use (−y)^α to stand for (−y_1)^{α1} (−y_2)^{α2} · · · (−y_l)^{αl} .

Proposition 4.32. The super ribbon function G_{λ/μ}(X/Y ; q) is a symmetric function in the X and Y variables, separately. It does not depend on the total order on the alphabets A and A^′.

Proof. If we pick the total order on A ∪ A^′ to be so that a > a^′ for any a ∈ A and a^′ ∈ A^′ then we have [x^α(−y)^β ]G_{λ/μ}(X/Y ; q) = ⟨h_α(u)e_β (u)μ, λ⟩ for any compositions α and β. The proof of symmetry is completely analogous to that of Theorem 3.12, using the commutativity of both the operators {h_k(u)} and {e_k(u)}. The last statement requires the fact that {h_k(u)} commutes with {e_k(u)}.

4.8 The ribbon inner product and the bar involution on Λ(q)

Definition 4.33. Let ⟨., .⟩_n : Λ(q) × Λ(q) → K be the K-bilinear map defined by � p_λ[(1 + q^2 + · · · + q^{2(n−1)})X], p_μ � = z_λδ_{λμ}.

It is clear that ⟨., .⟩_n is non-degenerate. The inner product ⟨., .⟩_n is related to Ω_n in the same way as the usual inner product is related to the usual Cauchy kernel – the following claim is immediate.

Proposition 4.34. Two bases {v_λ} and {w_λ} of Λ(q) are dual with respect to ⟨., .⟩_n if and only if � λ v_λ(X)w_λ(Y ) = Ω_n.

In particular, � s_λ[(1 + q^2 + . . . + q^{2(n−1)})X] � is dual to {s_λ}.

Lemma 4.35. The inner product ⟨., .⟩_n is symmetric.

Proof. This is clear from the definition as we can just check this on the basis p_λ of Λ(q).

Recall that for f ∈ Λ, f^⊥ denotes its adjoint with respect to the Hall inner product. Lemma 4.36. The operator f^⊥ is adjoint to multiplication by Υ_{q,n}(f) ∈ Λ(q). Proof. This is a consequence of ⟨f, g⟩ = ⟨Υ_{q,n}(f), g⟩_n.

The inner product ⟨., .⟩_n is compatible with the inner product ⟨λ, μ⟩ = δ_{λμ} on F when we restrict our attention to the space of highest weight vectors of U_q(^sl_n). Proposition 4.37. Let u, v ∈ F be highest weight vectors for the action of U_q(^sl_n). Then ⟨Φ(u), Φ(v)⟩_n = ⟨u, v⟩.

Proof. We check the claim for the basis {B_{−λ} · ∅} of the space of highest weight vectors in F. The bar involution^− : F → F of Section 4.1.3 also has an image under Φ.

Definition 4.38. Define the Q-algebra involution^− : Λ(q) → Λ(q) by q = q^{−1} and p_k −→ q^{2(n−1)k}p_k.

It is clear that^− is indeed an involution. We have the following basic properties of^−, imitating similar properties of the bar involution of F ([40, Theorem 7.11]). Proposition 4.39. Let u, v ∈ Λ(q). The involution^− : Λ(q) → Λ(q) has the following properties:

Φ(G_{nλ}) = Φ(G_{nλ}), Υ_{q,n}(p_k) = Υ_{q,n}(p_k), ⟨u, v⟩_n = � ω_n(u), ω_n(v) � n .

Proof. As^− is an algebra homomorphism, the first statement follows from the second statement and Theorem 4.10. The second statement is a straightforward computation. For the last statement, we compute explicitly both sides for the basis p_λ of Λ(q).

Proposition 4.39 and Theorem 4.6 show that Φ(v) = Φ(v) for all u, v in the subspace of highest weight vectors in F. However this is not true in general. For example, (3, 1) + q(2, 2) + q^2(2, 1, 1) is bar invariant in F but its image under Φ is not.

4.9 Ribbon insertion

In this section we put the ribbon Pieri formula (Theorem 4.12) and ribbon Cauchy identity (Theorem 4.28) in the context of ribbon Robinson-Schensted-Knuth (RSK) insertion (following partly [54, 32]). We will give a complete proof of both for the case n = 2. Van Leeuwen [42] has recently described a spin-preserving RSK correspondence which gives a combinatorial proof of the ribbon Cauchy identity for general n. Unfortunately, the correspondence does not involve insertion and hence does not seem to lead to a proof of the ribbon Pieri rule.

4.9.1 General ribbon insertion

In what follows, we assume familiarity with the usual RSK insertion and use the usual language of the subject (see [55]). We will assume that all ribbon tableaux have shapes with empty n-core for simplicity, though everything can be generalised to the general case. A biletter is a triple (c_k, i_k, j_k) where c_i is the color taking values in {0, . . . , n − 1} and the i_k, j_k are positive integers. Define the weight of a biletter (c_k, i_k, j_k) to be w((c_k, i_k, j_k)) = q^{2ck} y_{ik} x_{jk} . The weight w(w) of a multiset of biletters w is then the sum of the weights of the biletters. The weight generating function for multisets of biletters is � w w(w) = � i,j n−1� k=0 1 1 − x_iy_jq^k

. (4.11)

A ribbon Schensted bijection π : w → (P_r(w), Q_r(w)) is a bijection between multisets of biletters and pairs of ribbon tableaux of the same shape which is weight preserving, where the weight of a P -tableau is q^{spin(P )}x^{w(P )} and the weight of a Q-tableau is q^{spin(Q)}y^{w(Q)}. Van Leeuwen [42] has given exactly such a bijection. By (4.11), a ribbon Schensted bijection results immediately in a proof of the ribbon Cauchy identity (Theorem 4.28).

Suppose now that the bijection π is defined recursively via insertion of ribbons (c, j) (a ribbon labelled j of spin c) into a tableau T :

P_r(w) = ((· · · ((∅ ←− (c_1, j_1)) ←− (c_2, j_2)) · · · ) ←− (c_m, j_m)).

Given a tableau T , the tableau T^′ = T ← (c, j) should satisfy (a) the tableau T^′ has one more ribbon than T , labelled j, (b) sh(T^′)/sh(T ) is a skew shape which is a ribbon, and (c) spin(T^′) + spin(sh(T^′)/sh(T )) = spin(T ) + 2c. Let

T^′ = T ←− (c, j) ; T^{′′} = T^′ ←− (c^′, j^′).

We will say that the insertion T ← (c, j) has the ribbon increasing property if the ribbon sh(T^′)/sh(T ) lies to the left of sh(T^{′′})/sh(T^′) if and only if (c, j) ≤ (c^′, j^′). Here ≤ should be some total order on labelled ribbons (c, j).

Fix a ribbon tableau T . Then we can construct a (weight-preserving) bijection between multisets of ribbons {(c_i, j_i)} of size k and ribbon tableaux T^′ such that sh(T^′)/sh(T ) is a horizontal ribbon strip of length k, as follows:

T^′ = ((· · · ((T ←− (c_1, j_1)) ←− (c_2, j_2)) · · · ) ←− (c_k, j_k)).

The ribbons (c_i, j_i) are inserted according to the order < thus ensuring the resulting shape changes by a horizontal ribbon strip. Thus:

Observation 4.40. Suppose π : w → (P_r(w), Q_r(w)) is a ribbon Schensted bijection defined by the insertion “←”, satisfying a ribbon increasing property. Then π leads to a combinatorial proof of the ribbon Pieri formula (Theorem 4.12).

The generating function H(t) of Section 4.3 can be interpreted as the weight generating function of ribbons (c, j) with weight w(c, j) = q^{2k}x_j . For the k = 1 case of the ribbon Pieri rule, no ribbon increasing property is required, only that the bijection π is given by some kind of insertion algorithm. Shimozono and White have such an insertion algorithm without a ribbon increasing property.

Proposition 4.41. Shimozono and White’s spin-preserving ribbon insertion leads to a combinatorial proof that

(1 + q^2 + . . . + q^{2(n−1)})h_1(X)G_λ(X; q) = � μ q^{spin(μ/λ)}G_μ(X; q)

where the sum is over all μ such that μ/λ is a n-ribbon.

We will not give the details of Shimozono and White’s ribbon insertion here but refer the reader to the paper [54]. They give an “insertion” algorithm which inserts a ribbon (c, j) with particular spin into a semistandard ribbon tableau T . Roughly speaking, this ribbon insertion is determined by forcing all ribbons to bump by rows to another ribbon of the same spin. It is possible however to insist that all ribbons with certain spins bump by columns instead. Unfortunately, it appears that none of these algorithms have a ribbon increasing property.

4.9.2 Domino insertion

Observation 4.40 becomes a proof for the case n = 2, where a ribbon is in fact a domino. In [53], Shimozono and White, extending work of Garfinkle [13] and Barbasch and Vogan [1], gave a domino Schensted bijection. This was extended to the case of non-empty 2-core in [32]:

Theorem 4.42. Fix a 2-core δ. There is a bijection between colored biwords w of length m with two colors {0, 1} and pairs (P_d(w), Q_d(w)) of semistandard domino tableaux with the same shape λ ∈ P_δ and |λ| = 2m + |δ| which is weight-preserving.

We will describe this bijection for the standard case. In brief, domino insertion is determined by insisting that horizontal dominoes bump by rows and vertical dominoes bump by columns. More precisely, let S be a domino tableau with no value repeated (but still semistandard), and i some number not used in S. We will describe (S ← (0, i)) and

(S ← (1, i)) which correspond to the insertion of a horizontal (color 0) and vertical domino (color 1) labelled i respectively.

Let T_{<i} be the sub-tableau of S consisting of all dominoes labelled with numbers less than i. Then set T_{≤i} to be T_{<i} union a horizontal domino at the end of the first row labelled i or a vertical domino in the first column labelled i depending on what we are inserting. Now for j > i we will recursively define T_{≤j} given T_{≤j−1}. If there is no domino labelled j in T then T_{≤j} = T_{≤j−1}. Otherwise let γ_j denote the domino labelled j in S and set λ = sh(T_{≤j−1}). We distinguish four cases.

1. If γ_j ∩ λ = ∅ then set T_{≤j} = T_{≤j−1} ∪ γ_j .

2. If γ_j ∩ λ = γ_j is a horizontal domino in row k then T_{≤j} is obtained from T_{≤j−1} by adding a horizontal domino labelled j to row k + 1.

3. If γ_j ∩ λ = γ_j is a vertical domino in column k then T_{≤j} is obtained from T_{≤j−1} by adding a vertical domino labelled j to column k + 1.

4. If γ_j ∩ λ = (l, m) is a single square then T_{≤j} is obtained from T_{≤j−1} by adding a domino labelled j so that the total shape of T_{≤j} is λ ∪ (l + 1, m + 1).

The resulting tableau T_{<∞} = (S ← (c, i)). Figure 4-2 gives an example of domino insertion. 3 3 4 2 3 4 1 2 3 4

Figure 4-2: The result of the insertion ((((∅ ← (1, 3)) ← (0, 4)) ← (0, 2)) ← (1, 1)).

It turns out that domino insertion has a domino increasing property. This was first shown by Shimozono and White [54] by connecting domino insertion with mixed insertion. [32] gives a different proof using growth diagrams. The domino increasing property can be described by specifying an order < on dominoes as follows (γ_i denotes a domino labelled i)

1. If γ_i is horizontal and γ_j vertical then γ_i > γ_j.

2. If γ_i and γ_j are both horizontal then γ_i > γ_j if and only if i > j.

3. If γ_i and γ_j are both vertical then γ_i > γ_j if and only if i < j.

Under this order, domino insertion has a ribbon increasing property, as described in Section 4.9.1.

Lemma 4.43 ([53, 32]). Let T be a domino tableaux without the labels i and j. Set T^′ = (T ← γ_i) and T^{′′} = (T^′ ← γ_j) for some dominoes γ_i and γ_j. Then sh(T^′/T ) lies to the left of sh(T^{′′}/T^′) if and only if γ_i < γ_j.

This increasing property is retained when the bijection is extended to the semistandard case. Using Observation 4.40, we obtain:

Proposition 4.44. Semistandard domino insertion proves the domino Pieri rule (Theorem 4.12 for n = 2).

4.10 Some Open Questions

Cospin vs. spin. Recall that cosp(T ) = mspin(T ) − spin(T ) for a ribbon tableau T where mspin is the maximum spin for a ribbon tableau with of the same shape. It is easy to see that cosp(T ) is always even. In many situations it appears that the cospin statistic is more natural than the statistic spin. For example, Lascoux, Leclerc and Thibon [38] have shown that the cospin H̃(X; q) functions are generalisations of Hall-Littlewood functions. Cospin also appears to be the natural statistic when finding connections between ribbon tableaux and rigged configurations (see for example [49]).

All the formulae in this Chapter can be phrased in terms of cospin if suitable powers of q are inserted. However, it is clear that the formulae presented in terms of spin is the more natural form.

Jacobi-Trudi and alternant formulae. The ribbon Pieri rule (Theorem 4.12) we have given stops short of giving a closed formula for the functions G_λ(X; q). It is well known that the Schur functions can be written as s_λ =^{aλ+δ}_{aδ} and as s_λ = det(h_{λi−i+j})^{l(λ)}_{i,j=1}. Most algebraic treatments (see [46]) of the theory of symmetric functions use these formulae as the basis of all the algebraic computations for Schur functions. It would be nice to have a similar closed formula for the ribbon functions.

Other “Pieri” and “Littlewood-Richardson” rules. In [31], a “half”-Pieri rule was given for the case n = 2 which described the product h_k(X)G^{(2)}_λ (X; q) for certain partitions λ. It would be interesting to give rules for the products h_k(X)G_λ(X; q), s_μ(X)G_λ(X; q) and G_λ(X; q)G_μ(X; q) for all n.

Enumerative problems. Stanley [55] has given a “hook content formula” for the specialisation s_λ(1, t, t^2, . . . , t^r) of the Schur functions. In particular this gives the hook length formula for the number of standard Young tableaux of a particular shape. At q = 1 the corresponding problem for ribbon tableaux is trivial due to Littlewood’s n-quotient map. However, can anything be done for arbitrary q?

When n = 2, the specialisation q^2 = −1 relates domino tableaux to the study of enumerative study of sign-imbalance [56, 61, 32]. It is not clear whether this can be generalised to arbitrary n.

Graded S_n representations and h_k. The non-negativity of the q-Littlewood Richardson coefficients c^μ_λ(q) would follow from the existence of a graded S_n representation with Frobenius character G_λ(X; q) (where the coefficient of powers of q correspond to the graded parts).

Such a graded S_n representation can be easily described for the ribbon homogeneous function h_k (see [55, Ex. 7.75]). Let S_k act on the multiset M = � 1^{n−1}, 2^{n−1}, . . . , k^{n−1} � in the natural way. Then the representation corresponding to h_k is given by the action of S_k on the subsets of M with the grading given by the size of such a subset. This suggests that one might seek subrepresentations of this representation which correspond to the G_λ(X; q) for l(λ) ≤ n (see Equation (4.5)).

Generating series for ribbon functions. In [31], Kirillov, Lascoux, Leclerc and Thibon gave a number of generating functions for domino functions which were subsequently generalised in [32]. As a special case, we have the following product expansion for n = 2: � λ G^{(2)}_λ (X; q) = � i(1 + qx_i) � i(1 − x_i) � i(1 − q^2x^2_i ) � i<j (1 − x_ix_j) � i<j (1 − q^2x_ix_j ) . Can this be generalised to other values of n?

Other incarnations of Λ. Often the Fock space F is identified with Λ via

λ ←→ s_λ.

This gives F the extra structure of an algebra. In this context, our map Φ can be considered to be an operator from Λ(q) to Λ(q). In the notation of [38], Φ would be the adjoint ϕ_q of the operator p^q_n which sends h_α to h_α(u) · 1.

Leclerc [39] has studied another embedding ι : Λ → F given by p_λ → B_{−λ} · ∅. Altering this slightly, we may define a K-linear embedding ι_q : Λ(q) → F given by Υ_{q,n}(p_λ) → B_{−λ} ·∅. By Theorem 4.10, we see that the composition Φ ∘ ι_q : Λ(q) → Λ(q) is the identity. Leclerc has connected ι with the Macdonald polynomials and it is likely that our setup can be connected with many other aspects of symmetric function theory in this way.

60

Chapter 5

Combinatorial generalization of the Boson-Fermion correspondence

Let {F_λ(X) ∈ Λ_K : λ ∈ S} be a family of symmetric functions with coefficients in a field K (usually Q, Q(q) or Q(q, t)), where S is some indexing set. Many important families of symmetric functions have the following trio of properties.

1. They can be expressed as the generating functions for a “tableaux”-like set of objects:

F_λ(X) = � T wt_T x^T

where the sum is over tableaux T with “shape” λ and we have weights wt_T ∈ K and x^T is a monomial in the x_i. Often the set S has a poset structure (S, <) where each pair (λ, μ) such that λ < μ has been given a weighting wt(λ, μ) ∈ K. Then the tableaux are chains T = (λ^{(0)} < λ^{(1)} < · · · < λ^{(r)}) in S with weighting wt_T =

�_r i=1 wt(λ^{(i−1)}, λ^{(i)}).

2. Together with a dual family {G_λ(X) : λ ∈ S} of symmetric functions, they satisfy a “Cauchy”-style identity: � λ∈S F_λ(X)G_λ(Y ) = ∞� i,j=1 � b_0 + b_1x_iy_j + b_2(x_iy_j)^2 + · · · �

where the coefficients b_i ∈ K.

3. They satisfy a “Pieri”-style formula:

h̃_k(X)F_λ(X) = � μ⇀_kλ

b_{λ,μ}F_μ(X)

where k ∈ Z is a positive integer, {h̃_1, h̃_2, . . .} ∈ Λ_K is a sequence of symmetric functions and b_{λ,μ} ∈ K are coefficients for each pair λ, μ satisfying some condition μ ⇀_k λ. The condition μ ⇀_k λ often involves the same structure as for the tableaux definition. For example, often one has μ ⇀_k λ for some k ∈ Z if and only if λ < μ and wt(λ, μ) ≠ 0. In fact one often has the equality wt(λ, μ) = b_{λ,μ}.

The simplest case is F_λ = s_λ, the family of Schur functions. The indexing set S = P is the set of partitions. The tableaux are usual semi-standard Young tableaux; that is, chains of partitions. The dual family {G_λ = s_λ} is equal to the Schur functions again and in the Cauchy formula, all the coefficients a_i = 1. In the Pieri formula, h̃_k = h_k are the homogeneous symmetric functions. The condition μ ⇀_k λ is that μ/λ is a horizontal strip of size k and all the coefficients b_{λ,μ} = 1.

Other examples include the shifted Schur functions, Hall-Littlewood functions, Macdonald polynomials, and LLT’s ribbon functions studied earlier in the thesis. In all these cases the indexing set S is in addition graded, and all three properties are compatible with this grading.

We shall give an explanation of this phenomenon by relating these symmetric functions to representations of Heisenberg algebras. As we shall see, our work can be considered a combinatorial generalisation of the classical Boson-Fermion correspondence.

5.1 The classical Boson-Fermion correspondence

Let K be a field with characteristic 0. In this chapter, the Heisenberg algebra H is the associative algebra over K with 1 generated by {B_k : k ∈ Z\{0}} satisfying

[B_k, B_l] = l · a_l · δ_{k,−l}

for some non-zero parameters a_l ∈ K satisfying a_l = −a_{−l}. As an abstract algebra, H does not depend on the choice of the elements a_l, since the generators B_k can be re-scaled to force a_l = 1. However, we shall be concerned with representations of H, and some choices of the generators B_k will be more natural. Let K[B_{−1}, B_{−2}, . . .] denote the Bosonic Fock space representation of H, as in Section 4.1.1. One can identify K[H_−] = K[B_{−1}, B_{−2}, . . .] with the algebra Λ_K of symmetric functions over K by identifying B_{−k} with a_kp_k for k > 0.

If V is a representation of H, then a vector v ∈ V is called a highest weight vector if B_k · v = 0 for k > 0. The following result is well known. See for example [21, Proposition 2.1].

Proposition 5.1. Let V be an irreducible representation of H with non-zero highest weight vector v ∈ V . Then there exists a unique isomorphism of H-modules V ~−→K[B_{−1}, B_{−2}, . . .] sending v → 1.

For the remainder of this section we assume that H is given by the parameters a_l = 1 for l ≥ 1 and a_l = −1 for l ≤ −1. Let W = ⊕_{j∈Z}Kv_j be an infinite-dimensional vector space with basis {v_j : j ∈ Z}. Let F^{(0)} denote the vector space with basis given by semi-infinite monomials of the form v_{i0} ∧ v_{i−1} ∧ · · · where the indices satisfy:

(i) i_0 > i_{−1} > i_{−2} > · · ·

(ii) i_k = k for k sufficiently small.

We will call F^{(0)} the Fermionic Fock space. Note that usually F^{(0)} is considered a subspace of a larger space F = ⊕_{m∈Z}F^{(m)}. The spaces F^{(m)} are defined as for F^{(0)} with the condition (ii) replaced by the condition (ii^{(m)}): i_k = k − m for k sufficiently small. Define an action of H on F^{(0)} by

B_k · (v_{i0} ∧ v_{i−1} ∧ · · · ) = � j<0 v_{i0} ∧ v_{i−1} ∧ · · · ∧ v_{ij−1} ∧ v_{ij −k} ∧ v_{ij+1} ∧ · · · . (5.1)

The monomials are to be reordered according to the usual exterior algebra commutation rules so that v_{i0} ∧ · · · ∧ v_{ij} ∧ v_{ij+1} ∧ · · · = −v_{i0} ∧ · · · ∧ v_{ij+1} ∧ v_{ij} ∧ · · · . Thus the sum on the right hand side of (5.1) is actually finite so the action is well defined. One can check that we indeed do obtain an action of H.

It is not hard to see that the representation of H on F^{(0)} is irreducible. The space F^{(0)} can be identified with F earlier in the thesis by (v_{i0} ∧ v_{i−1} ∧ · · · ) ↔ (i_0, i_{−1} + 1, . . .).

The vector v̄ = v_0 ∧ v_{−1} ∧ · · · ∈ F^{(0)} is a highest weight vector for this action of H. By Proposition 5.1, there exists an isomorphism σ : F^{(0)} → Λ_K sending v̄ → 1. An algebraic version of the Boson-Fermion correspondence identifies the image of v_{i0} ∧ v_{i−1} ∧ · · · under the isomorphism σ.

Theorem 5.2 ([21, Lecture 6]). Let λ_k = i_{−k} + k. Then σ(v_{i0} ∧ v_{i−1} ∧ · · · ) = s_λ.

In [21], this is called the “second” part of the boson-fermion correspondence. It is important in the study of a family of non-linear differential equations known as the Kadomtzev- Petviashvili (KP) Hierarchy. The “first” part consists of identifying the image of certain vertex operators under σ. The relationship between vertex operators and symmetric function theory have been studied previously in [19, 20, 46].

Our aim will be to generalise Theorem 5.2 to representations of Heisenberg algebras with arbitrary parameters a_i ∈ K. We will see that the symmetric functions that one obtains in this manner will always have a tableaux-like definition and satisfy Pieri and Cauchy identities. In our approach, we have ignored the vertex operators, but it would be interesting to see how they are related to our results.

5.2 The main theorem

5.2.1 Symmetric functions from representations of Heisenberg algebras

Let H be a Heisenberg algebra with parameters a_i ∈ K. Define B_λ := B_{λ1} B_{λ2} · · · B_{λl(λ)} and let D_k := � λ⊢k z^{−1}_λ B_λ where z_λ is as defined in Section 2.2.1. The elements B_λ, D_k ∈ H are related in the same way as the elements p_λ, h_k ∈ Λ. Similarly define B_{−λ} := B_{−λ1} B_{−λ2} · · · B_{−λl(λ)} and U_k := � λ⊢k z^{−1}_λ B_{−λ}. Also let S_λ ∈ H be given by S_λ := � μ z^{−1}_μ χ^λ_μB_{−μ} where the coefficients χ^λ_μ are the characters of the symmetric group given by s_λ = � μ z^{−1}_μ χ^λ_μp_μ.

Let V be a representation of H with distinguished basis {v_s : s ∈ S} for some indexing set S. For simplicity we will assume that both V and S are Z-graded so that v_s ∈ V are homogeneous elements and deg(v_s) = deg(s), and that each graded component of V is finite-dimensional. We will also assume that the action of H is graded in the sense that deg(B_k) = −mk for some m ∈ Z\{0}. Define an inner product ⟨., .⟩ : V × V → K on V by requiring that {v_s | s ∈ S} forms an orthonormal basis, so that ⟨v_s, v^′_s⟩ = δ_{ss}′ .

Let s, t ∈ S. Define the generating functions

F^V_{s/t}(X) = F_{s/t}(X) := � α x^α � U_{αl} U_{αl−1} · · · U_{α1} · t, s �

where the sum is over all compositions α = (α_1, α_2, . . . , α_l). Similarly define

G^V_{s/t}(X) = G_{s/t}(X) = � α x^α � D_{αl} D_{αl−1} · · · D_{α1} · s, t � .

Note that F_{s/t} and G_{s/t} are homogeneous with degree^{deg(s)−deg(t)}_m . So in particular if

deg(s)−deg(t)

m is negative or non-integral then the generating functions are 0. For convenience we let U_α := U_{αl} U_{αl−1} · · · U_{α1} and D_α := D_{αl} D_{αl−1} · · · D_{α1} .

The following Proposition is immediate from the definition, since U_k commutes with U_l and D_k commutes with D_l for all k, l ∈ N.

Proposition 5.3. The generating functions F_{s/t} and G_{s/t} are symmetric functions.

As before, let K[H_−] ⊂ H denote the subalgebra of H generated by {B_k | k < 0} and similarly define K[H_+] ⊂ H. The definitions of F_{s/t} and G_{s/t} can be rephrased in terms of the Heisenberg-Cauchy elements Ω(H_−, X) and Ω(H_+, X) which lie in the completed tensor products K[H_−] ^⊗Λ_K (X) and K[H_+] ^⊗Λ_K (X) respectively:

Ω(H_−, X) := � λ U_λ ⊗ m_λ(X) = � λ z^{−1}_λ B_{−λ} ⊗ p_λ = � λ S_λ ⊗ s_λ(X).

The last two equalities follow from the classical Cauchy identity. Also define Ω(H_+, X) ∈ K[H_+] ^⊗Λ_K (X) by Ω(H_+, X) = � λ D_λ ⊗ m_λ(X).

Thus for example, one has

F_{s/t}(X) = ⟨Ω(H_−, X) · v_t, v_s⟩ and G_{s/t}(X) = ⟨Ω(H_+, X) · v_s, v_t⟩ .

For example, one has in particular

G_{s/t}(X) = � λ z^{−1}_λ p_λ ⟨B_λ · v_s, v_t⟩ . (5.2)

Now let b ∈ S be such that v_b is a highest weight vector for H. We will write F_s := F_{s/b} and G_s := G_{s/b}. The element Ω(H_−, X) · v_b ∈ V ^⊗Λ_K (X) depends only on the choice of v_b. The symmetric functions F_s are the coefficients of Ω(H_−, X) · v_b when it is written in the basis {v_s | s ∈ S}: Ω(H_−, X) · v_b = � s v_s ⊗ F_s(X).

5.2.2 Generalisation of Boson-Fermion correspondence

Let us suppose that b ∈ S has been picked so that v_b ∈ V is a highest weight vector for H. By Proposition 5.1, there is a canonical map of H-modules H · b → Λ_K sending v_b → 1. Our choice of inner product for V allows us to give a map V → Λ_K .

Theorem 5.4 (Generalised Boson-Fermion correspondence). The map Φ : V → Λ_K given by v_s → G_s(X) is a map of H-modules.

Recall that B_{−k} acts on Λ_K by multiplication by a_kp_k and B_k acts as k^∂_{∂pk} , for k ≥ 1.

Proof. Let us calculate B_l · G_s and compare with Φ(B_l · v_s). Suppose first that l < 0 and let k = −l. Let λ be a partition and let μ be λ with one less part equal to k. If λ has no part equal to k, then μ can be any partition in the following formulae. First write ⟨B_λB_l · v_s, v_b⟩ = ka_km_k(λ) ⟨B_μv_s, v_b⟩, using a slight variation of Lemma 4.1 for our H. Alternatively, one can also compute

B_λB_l · v_s = B_λ � c ⟨B_l · v_s, v_c⟩ v_c = � c,d ⟨B_l · v_s, v_c⟩ ⟨B_λ · v_c, v_d⟩ v_d

so that taking the coefficient of v_b we obtain

ka_km_k(λ) ⟨B_μ · v_s, v_b⟩ = � c ⟨B_l · v_s, v_c⟩ ⟨B_λ · v_c, v_b⟩ . (5.3)

Now,

B_l · G_s = a_kp_kG_s

= a_k � μ z^{−1}_μ p_kp_μ ⟨B_μ · v_s, v_b⟩ by Equation (5.2),

= � λ z^{−1}_λ p_λ � � c ⟨B_l · v_s, v_c⟩ ⟨B_λ · v_c, v_b⟩ � using (5.3)

= � c ⟨B_l · v_s, v_c⟩ � � λ z^{−1}_λ ⟨B_λ · v_c, v_b⟩ �

= � c ⟨B_l · v_s, v_c⟩ G_c.

This shows that Φ(B_l · v_s) = B_l · Φ(v_s) for l < 0.

Now suppose k > 0, and let λ and μ be related as before. Then

B_k · G_s = k � λ z^{−1}_λ ∂ ∂p_k p_λ ⟨B_λ · v_s, v_b⟩ = k � λ z^{−1}_λ m_k(λ)p_μ ⟨B_μB_k · v_s, v_b⟩

= � μ z^{−1}_μ p_μ � B_μ · � c ⟨B_k · v_s, v_c⟩ v_c, v_b �

= � c ⟨B_k · v_s, v_c⟩ � � μ z^{−1}_μ p_μ ⟨B_μ · v_c, v_b⟩ �

= � c ⟨B_k · v_s, v_c⟩ G_c.

This completes the proof.

When V is irreducible, this map of H-modules does not depend on the choice of basis, but does depend on v_b. Since the degree deg(v_b) part of V is one dimensional, the image of v ∈ V is given by the coefficient of the degree deg(v_b) part of Ω(H_+, X) · v.

If V is not irreducible then the map depends on the inner product ⟨., .⟩ (or equivalently, the choice of orthonormal basis).

Note that a different action of H on Λ_K will allow us to replace the family G_s in Theorem 5.4 by F_s. More precisely, one can define the adjoint action ϑ of H on V by letting the generators B_k satisfy ⟨B_{−k} · v_s, v_s′ ⟩ = ⟨v_s, ϑ(B_k) · v_s′ ⟩. With this new representation of H on V , the roles of G_s and F_s are reversed.

5.2.3 Pieri and Cauchy identities

Let h_k[a_i] denote the image of h_k under the map Λ → Λ_K given by p_k → a_kp_k. Let h^⊥_k be the linear operator on Λ_K which is adjoint to multiplication by h_k with respect to the Hall inner product.

Theorem 5.5 (Generalised Pieri Rule). Let k ≥ 1. The following identities hold in Λ_K :

h_k[a_i]G_s = � t ⟨U_k · s, t⟩ G_t and h_k[a_i]F_s = � t ⟨D_k · t, s⟩ F_t.

The dual identities are: h^⊥_k G_s = � t ⟨D_k · s, t⟩ G_t and h^⊥_k F_s = � t ⟨U_k · t, s⟩ F_t.

Proof. Follows immediately from the definitions of U_k, D_k and h_k[a_i] together with Theorem 5.4 and the comments immediately after it.

Define a map κ : Λ → K by p_k → a_k.

Theorem 5.6 (Generalised Cauchy Identity). We have the following identity in the completion of Λ_K (X) ⊗ Λ_K (Y ): � s F_s(X)G_s(Y ) = � i,j � 1 + κ(h_1)x_iy_j + κ(h_2)(x_iy_j )^2 + · · · � .

More generally, let r, t ∈ S. Then we have � s F_{s/t}(X)G_{s/r} (Y ) = � i,j � 1 + κ(h_1)x_iy_j + κ(h_2)(x_iy_j)^2 + · · · � � s F_{r/s}(X)G_{t/s}(Y ). (5.4)

Proof. We know [B_k, B_l] = ka_kδ_{k,−l}. An argument similar to the proof of Theorem 4.2 gives the identity

D_bU_a = m� i=0 κ(h_i)U_{a−i}D_{b−i}

where m = min(a, b). Let U(x) := 1 + � i>0 U_ix^i and similarly D(x) := 1 + � i>0 D_ix^i. The above identity is equivalent to

D(y)U(x) = U(x)D(y) � 1 + κ(h_1)xy + κ(h_2)(xy)^2 + · · · � . Now notice that by definition we have F_{s/t} = ⟨· · · U(x_3)U(x_2)U(x_1) · v_t, v_s⟩ and G_{s/t} = ⟨· · · D(x_3)D(x_2)D(x_1) · v_s, v_t⟩. The infinite products make sense since in most factors we are picking the term equal to 1. Thus � s F_{s/t}(X)G_{s/r}(Y )

= ⟨· · · D(y_3)D(y_2)D(y_1) · · · U(x_3)U(x_2)U(x_1) · v_t, v_r⟩ = ∞� i,j≥1 � 1 + κ(h_1)x_iy_j + κ(h_2)(x_iy_j)^2 + · · · �

⟨· · · U(x_3)U(x_2)U(x_1) · · · D(y_3)D(y_2)D(y_1) · v_t, v_r⟩ = ∞� i,j≥1 � 1 + κ(h_1)x_iy_j + κ(h_2)(x_iy_j)^2 + · · · � � s G_{t/s}(Y )F_{r/s}(X).

These manipulations of infinite generating functions make sense since they are well defined when restricted to a finite subset of the variables {x_1, x_2, . . . , y_1, y_2, . . .}.

The results of this Section are related to results of Fomin [11, 9, 10] and of Bergeron and Sottile [3]. Fomin studies combinatorial operators on posets and recovers Cauchy style identities similar to ours. His approach is more combinatorial and he focuses on generalising Schensted style algorithms to these more general situations. Bergeron and Sottile have also made definitions similar to our F_{s/t}. Their interests have been towards aspects related to Hopf algebras and non-commutative symmetric functions; see also [8, 4].

In fact, a converse to Theorem 5.6 exists. Suppose that {B^′_k : k ∈ Z\{0}} are operators acting on a vector space V with a distinguished basis {v_s : s ∈ S}. Suppose {B^′_k | k > 0} and {B^′_k | k < 0} are both commuting sets of operators, and define U^′_k and D^′_k as with U_k and D_k. Then we can define F^′_{s/t}(X) := � α x^α � U^′_{αl} U^′_{αl−1} · · · U^′_{α1} · t, s � and similarly for G^′_{s/t}.

Suppose first that the Generalised Cauchy identities (5.4) hold for F^′ and G^′ and some coefficients b_i in place of κ(h_i). Then by the argument in the proof of Theorem 5.6, we must have � D^′(y)U^′(x) − U^′(x)D^′(y) � 1 + b_1xy + b_2(xy)^2 + · · · � · v_t, v_r � = 0 for every t, r ∈ S. This implies that D^′(y)U^′(x) = U^′(x)D^′(y) � 1 + b_1xy + b_2(xy)^2 + · · · � . Now using the argument in Theorem 4.2 again, we deduce that [B^′_k, B^′_l] = ka_kδ_{k,−l} where a_k = κ^′(p_k) for the map κ^′ : Λ → K given by κ^′(h_k) = b_k.

Now suppose instead of the Generalised Cauchy identity we assume that the Generalised Pieri rules of Theorem 5.5 hold for the family {G^′_s ∈ Λ_K } and some non-zero parameters a_i. If in addition the family {G^′_s} is linearly independent in Λ_K then the action of {B^′_k} on V is isomorphic to the action of {h_k[a_i], h^⊥_k } on span_K {G^′_s} under the isomorphism v_s → G^′_s. Thus the Generalised Pieri rules together with the fact that the family {G^′_s} is a basis implies that the operators {B^′_k} generate a copy of the Heisenberg algebra H with parameters a_i.

In conclusion we have the following theorem.

Theorem 5.7. Suppose {B^′_k : k ∈ Z\{0}} are a sequence of operators acting on V , with distinguished basis {v_s : s ∈ S}, so that B^′_k and B^′_l commute if k and l have the same sign. Let {a_k ∈ K} be a sequence of non-zero parameters. Define F^′_{s/t}, G^′_{s/t}, U^′_k and D^′_k as before. Suppose in addition that {G^′_s | s ∈ S} are linearly independent. Then the following are equivalent:

1. The operators {B^′_k} generate an action of the Heisenberg algebra with parameters a_i.

2. The family {G^′_s} satisfies the conclusions of Theorem 5.5.

3. The families {G^′_{s/t}} and {F^′_{s/t}} satisfy the conclusions of Theorem 5.6.

5.3 Examples

5.3.1 Schur functions

If V = F^{(0)} and H_{Schur} = H acts as in Section 5.1, then Theorem 5.4 is just Theorem 5.2, where the indexing set S can be identified with the set of partitions P. In this case, the operators B_k and B_{−k} are adjoint with respect to ⟨., .⟩ and so F_λ = G_λ = s_λ for every λ. The definition of s_{λ/μ} = F_{λ/μ} in terms of the operators U_k is exactly the usual combinatorial definition of skew Schur functions in terms of semistandard Young tableaux. The symmetric function h_k[a_i] = h_k is the usual homogeneous symmetric function and the coefficients ⟨U_k · λ, μ⟩ are equal to 1 if μ/λ is a horizontal strip of size k and equal to 0 otherwise. The coefficients κ(h_i) are all equal to 1 and Theorem 5.6 reduces to the usual Cauchy identity.

5.3.2 Direct sums

Let V_1 and V_2 be two representations of H with distinguished bases {v_{s1} : s_1 ∈ S_1} and {v_{s2} : s_2 ∈ S_2} respectively. Then V = V_1 ⊕ V_2 is a representation of H with distinguished basis {v_s | s ∈ S_1 ∐ S_2}. If s, t ∈ S_i for some i then F^V_{s/t} = F^{Vi}_{s/t} otherwise if for example s ∈ S_1 and t ∈ S_2 we have F^V_{s/t} = 0. Thus the family of symmetric functions that we obtain from V is the union of the families of symmetric functions we obtain from V_1 and V_2.

5.3.3 Tensor products

Let V_1 and V_2 be two representations of H with distinguished bases {v_{s1} : s_1 ∈ S_1} and {v_{s2} : s_2 ∈ S_2} respectively, as before. Then V_1 ⊗ V_2 has a distinguished basis {v_{s1} ⊗ v_{s2} | s_1 ∈ S_1 and s_2 ∈ S_2}. Let a Heisenberg algebra H^{(2)} = H̃ act on V_1 ⊗ V_2 by defining the action of B̃_k by B̃_k · v_1 ⊗ v_2 = (B_k · v_1) ⊗ v_2 + v_1 · (B_k · v_2).

This action is natural when one views Λ as a Hopf algebra. If the original Heisenberg algebra H had parameters a_i then one can check that the new Heisenberg algebra H̃ has parameters ã_i = 2a_i. The action of Ũ_k is given by

Ũ_k · v_1 ⊗ v_2 = k� i=0 (U_i · v_1) ⊗ (U_{k−i} · v_2)

and similarly for D̃_k. By definition, one sees that F_{s1⊗s2/t1 ⊗t2} = F_{s1/t1} F_{s2/t2} and similarly for the G-functions. Thus the family of symmetric functions we obtain from V = V_1 ⊗ V_2 are pairwise products of the symmetric functions we obtain from V_1 and V_2.

More generally, the tensor products V_1 ⊗· · ·⊗V_n leads to generating functions which are products F_{s1/t1} · · · F_{sn/tn} of n original generating functions. We will denote the Heisenberg algebra acting on this tensor product by H^{(n)}.

5.3.4 Macdonald polynomials

Let K = Q(q, t) and P_λ(X; q, t) and Q_λ(X; q, t) be the Macdonald polynomials introduced in [46]. Let λ = (λ_1, λ_2, . . .) be a partition and s = (i, j) ∈ λ be a square. Then the arm-length of s is given by a_λ(s) = λ_i − j and the leg-length of s is given by l_λ(s) = λ^′_j − i. Now let s be any square. Define ([46, Chapter VI, (6.20)])

b_λ(s) = b_λ(s; q, t) =

�_{1−qaλ(s)tlλ(s)+1}

1−q^aλ^{(s)+1}t^lλ^{(s)} if s ∈ λ,

1 otherwise.

Now let λ/μ be a horizontal strip. Let C_{λ/μ} (respectively R_{λ/μ}) denote the union of columns (respectively rows) that intersect λ − μ. Define ([46, Chapter VI, (6.24)])

ϕ_{λ/μ} = � s∈C_{λ/μ}

b_λ(s) b_μ(s) and ψ_{λ/μ} = � s∈R_{λ/μ}−C_{λ/μ}

b_μ(s) b_λ(s) . Let V_{Mac} = F_K be the vector space over K with distinguished basis labelled by partitions. Define operators {U_k, D_k : k ∈ Z_{>0}} by:

U_k · λ = � μ ϕ_{μ/λ}μ, D_k · λ = � μ ψ_{λ/μ},

where the sums are over horizontal strips of size |k|. Then Q_{λ/μ} = F_{λ/μ} and P_{λ/μ} = G_{λ/μ}, so in particular the operators {U_k | k ∈ Z_{>0}} commute and so do the operators {D_k | k ∈ Z_{>0}}. Now we have ([46, Ex.7.6]) � ρ Q_{ρ/λ}(X; q, t)P_{ρ/μ}(Y ; q, t) = � � σ Q_{μ/σ}(X; q, t)P_{λ/σ} (Y ; q, t) � � i,j ∞� r=0 1 − tx_iy_jq^r 1 − x_iy_j q^r .

The product

�_∞ r=0 1−ytq^r 1−yq^r can be written as � n≥0 g_n(1, 0, 0, . . . ; q, t)y^n where g_n is given by ([46, Chapter VI, (2.9)]) g_n(X; q, t) = � λ⊢n z_λ(q, t)^{−1}p_λ(X)

where z_λ(q, t) = z_λ

�_{l(λ)} i=1 1−q^λi 1−t^{λi} . Thus bn := gn(1, 0, 0, . . . ; q, t) = n � λ⊢n z_λ(q, t)^{−1}. Using Theorem 5.7, we see that the operators {U_k, D_k | k ∈ Z_{>0}} generate a copy of a Heisenberg algebra H_{Mac}. A short calculation shows that the parameters a_k ∈ Q(q, t) are given by a_k =^{1−tk}_{1−qk} .

In fact Theorem 5.7 shows that the Pieri (and dual Pieri) rule for Macdonald polynomials is equivalent to the (generalised) Cauchy identity for Macdonald polynomials.

5.3.5 Ribbon functions

The actions of B_{−k} = p_k(u) and B_k = p^⊥_k (u) of Chapter 4 are adjoint. Theorem 5.4 is a generalisation of Theorem 4.10. Theorems 5.6 and 5.5 are generalisations of Theorems 4.28 and 4.12.

At q = 1, the Fock space F for U_q(^sl_n) should be thought of as a sum of tensor products:

F ∼= � n-cores

(F^{(0)})^{⊗n} (5.5)

where F^{(0)} is the Fock space which leads to Schur functions. Combinatorially, the decomposition (5.5) is given by writing a partition in terms of its n-core and its n-quotient; see Section 2.1. As shown in Section 5.3.3, the F functions we obtain in this way are products of n of the F functions for F^{(0)}, that is, (skew) Schur functions. This is simply the formula G_λ(X; 1) = s_λ(0) s_λ(1) · · · s_λ(n−1) observed in Section 2.2. In fact, the q = 1 specialisation corresponds to action of the Heisenberg algebra commuting with the action of ^sl_n on F. In the following sections we will try to generalise ribbon functions to other quantum affine algebras. However, it will not be possible in general to specialise q = 1 to obtain a classical Fock space representation since in some cases the parameters a_i may have a pole at q = 1.

It would be interesting to see whether ribbon functions and Macdonald polynomials can be combined by finding a deformation of the action of (H_{Mac})^{(n)} on V^{⊗n}_{Mac}.

5.4 Ribbon functions of classical type

5.4.1 KMPY

In [27], Kashiwara, Miwa, Petersen and Yung give a general construction of q-deformed Fock spaces using perfect crystals. These Fock spaces are generalisations of the Fock space constructed in [28] which correspond to the quantum affine algebra A^{(1)}_n . The Fock spaces constructed in [27] correspond to the level 1 basic representations of the quantum affine algebras of types A^{(2)}_{2n} , B^{(2)}_n , A^{(2)}_{2n−1}, D^{(1)}_n and D^{(2)}_{n+1}. A more combinatorial description of these Fock spaces was given by Kang and Kwon [24] in terms of objects known as Young walls. However, the description of the action of the Heisenberg algebra is not available in terms of Young walls so we will only use the description in [27].

A huge amount of notation and machinery is developed for the construction in [27], so we will not be able to give all the details of the theory but will emphasize the parts important for our work.

Let g be an affine Lie algebra. Let {α_i ∈ h^∗} for i ∈ I denote the set of simple roots and let {h_i ∈ h} denote the set of simple coroots. Let P ⊂ h^∗ denote the weight lattice and let Q ⊂ h^∗ denote the root lattice. Let δ ∈ Q be an element such that Zδ = {λ ∈ Q | ⟨h_i, λ⟩ = 0} where ⟨., .⟩ is the coupling h × h^∗ → C. Let P_{cl} = P/Zδ denote the classical part of P . Let c ∈ � i Z_{>0}h_i be an element such that Zc = {h ∈ � i Zh_i | ⟨h, α_i⟩ = 0}. The level of λ ∈ P is given by ⟨c, λ⟩. Let P^0 and P^0_{cl} denote the level 0 parts of the weight lattice and classical weight lattice. Let W denote the Weyl group of g.

Let U_q(g) denote the quantized enveloping algebra with {q^h | h ∈ P } as its Cartan part. Let U^′_q(g) denote the quantized enveloping algebra with {q^h | h ∈ P_{cl}} as its Cartan part. Thus U^′_q(g) is a subalgebra of U_q(g). The algebra U_q(g) is generated over Q(q) by the generators {q^h | h ∈ P } and e_i, f_i for i ∈ I. We will not write down the relations here, but they are nearly identical to the description for type A^{(1)}_n in Section 4.1.2. Also the choice of a coproduct for U_q(g) will affect all the definitions in the following sections, but we have decided to hide this dependence; see [27, Section 2.2] for details.

We briefly sketch the idea behind the construction. We begin with a representation V_{aff} of U_q(g). The aim is to define a representation “∧^∞V_{aff} ”. To begin with one wants to define ∧^2V_{aff} by taking V^{⊗2}_{aff} and quotienting by relations of the form v_1 ⊗ v_2 = −v_2 ⊗ v_1. This definition fails since U_q(g) is not a cocommutative Hopf algebra. So instead one defines the subspace N = U_q(g)[z ⊗ z, z^{−1} ⊗ z^{−1}, z ⊗ 1 + 1 ⊗ z](u ⊗ u)

for an extremal vector u ∈ V_{aff} . We then let ∧^2V_{aff} := V^{⊗2}_{aff} /N and define ∧^∞V_{aff} similarly. However, even given a nice basis of V_{aff} it is not clear how to write down a basis for ∧^∞V_{aff} . This is where the use of perfect crystals, global crystal bases and energy functions will be essential.

5.4.2 Crystal bases, perfect crystals and energy functions

Crystals

Crystal bases were first introduced by Kashiwara [25]. Let A denote the set of all functions f ∈ Q(q) which are regular at q = 0. Let ẽ_i, f̃_i denote the Kashiwara operators introduced in [25]. A crystal lattice L is a free A-submodule of V , compatible with the weight decomposition of V , such that V = Q(q) ⊗_A L and such that ẽ_iL ⊂ L and f̃_iL ⊂ L for each i ∈ I. A crystal basis (L, B) of V consists of a crystal lattice L of V and a Q-basis B of L/qL. The set B is compatible with the weight decomposition, satisfies ẽ_iB ⊂ B ∪ {0} and f̃_iB ⊂ B ∪ {0} for each i ∈ I and satisfies f̃_i(b) = b′ ⇐⇒ ẽ_i(b′) = b for any b, b′ ∈ B. The main theorem concerning crystal bases is that a unique (up to isomorphism) crystal basis exists for the highest weight irreducible representation V_λ of U_q(g).

The set B, together with its additional structure is called a crystal. It can be thought of as a directed graph with edges labelled by the index set I. One can define crystals abstractly as follows.

A U_q(g)-crystal is a nonempty set B together with maps wt : B → P and ẽ_i, f̃_i : B → B ∪ {0} for all i ∈ I and ϵ_i : B → Z and ϕ_i : B → Z satisfying:

f̃_i(b) = b^′ ⇐⇒ ẽ_i(b^′) = b for b, b′ ∈ B,

wt(f̃_i(b)) = wt(b) − α_i if f̃_i(b) ∈ B, ⟨h_i, wt(b)⟩ = ϕ(b) − ϵ_i(b) for i ∈ I and b ∈ B, ϵ_i(b) = max{n ≥ 0 | ẽ^n_i (b) ≠ ∅} for i ∈ I and b ∈ B, ϕ_i(b) = max{n ≥ 0 | f̃^n_i (b) ≠ ∅} for i ∈ I and b ∈ B.

The most important combinatorial operation for a crystal is the tensor product operation, which corresponds exactly to taking tensor products of the associated representations.

Perfect crystals

Perfect crystals were first introduced in [22, 23] to compute one-point functions of the vertex models in 2-dimensional lattice statistical models. Let B be the crystal corresponding to a crystal base (L, B) of an integrable finite-dimensional U^′_q(g)-module of level 0. The crystal B is perfect of level l > 0 if:

1. The crystal B ⊗ B is connected;

2. There exists λ ∈ P^0_{cl} such that #(B_λ) = 1 and all weights of V are contained in the convex hull of W · λ.

3. Let ϵ(b) := � i∈I ϵ_i(b)Λ^{cl}_i ∈ P_{cl} and ϕ(b) := � i∈I ϕ_i(b)Λ^{cl}_i ∈ P_{cl}, where Λ^{cl}_i is the classical part of Λ_i. Then for any b ∈ B, we have ⟨c, ϵ(b)⟩ ≥ l.

4. The maps ϵ and ϕ from B_{min} to (P^+_{cl} )_l are bijective. Here B_{min} := {b ∈ B | ⟨c, ϵ(b)⟩ = l} and (P^+_{cl} )_l := {λ ∈ P_{cl} | ⟨c, λ⟩ = l and ⟨h_i, λ⟩ ≥ 0 for every i ∈ I}.

Energy function Let V be an integrable finite-dimensional representation of U^′_q(g). One can define a representation V_{aff} of U_q(g), which may be identified with V ⊗ C[z, z^{−1}] (where z has “weight” δ). Assume that

(P): V has a perfect crystal base (L, B).

If (L, B) is a crystal base for V , then we have a crystal base (L_{aff} , B_{aff} ) for V_{aff} . The elements of B_{aff} are labelled z^nb where n ∈ Z and b ∈ B. The level l of the perfect crystal B will determine the level of the Fock space we end up constructing. However, some of the assumptions in the following were only verified for certain crystals, case by case, in [27].

Also assume that

(G): V has a lower global base {G(b)}_{b∈B} .

A lower global base ([26]), see also 4.1.3, is a “lifting” of the crystal basis to V . The lower global base of V_{aff} satisfies G(z^nb) = z^nG(b) for n ∈ Z and b ∈ B_{aff} .

An energy function H : B_{aff} ⊗ B_{aff} → Z satisfies: 1. H(zb_1 ⊗ b_2) = H(b_1 ⊗ b_2) − 1. 2. H(b_1 ⊗ zb_2) = H(b_1 ⊗ b_2) + 1.

3. H is constant on every component of the crystal graph B_{aff} ⊗ B_{aff} . The above conditions determine H up to a constant. We normalise H by requiring that H(b ⊗ b) = 0 for any element b ∈ B_{aff} of extremal weight.

The existence of an energy function is shown using the R-matrix; see [22]. The R-matrix is a U_q(g)-linear map from V_{aff} ⊗ V_{aff} to its completion V_{aff} ^⊗V_{aff} such that R ∘ (z ⊗ 1) = (1 ⊗ z) ∘ R R ∘ (1 ⊗ z) = (z ⊗ 1) ∘ R.

The energy function and the R-matrix are related by

R(G(b_1) ⊗ G(b_2)) ≡ G(z^{H(b1 ⊗b2)}b_1) ⊗ G(z^{−H(b1 ⊗b2)}b_2) mod qL_{aff} ^⊗L_{aff} for every b_1, b_2 ∈ B_{aff} . It is known that R has finitely many poles. This means that there is a ψ ∈ Q(q)[z ⊗ z^{−1}, z^{−1} ⊗ z] such that ψR sends V_{aff} ⊗ V_{aff} into itself. Assume that (D): ψ ∈ A[z ⊗ z^{−1}] and ψ = 1 at q = 0.

Let s : P → Q be a linear form such that s(α_i) = 1 for all i ∈ I. Let l : B_{aff} → Z be defined by l(b) = s(wt(b)) + c, where c is chosen so that l is Z-valued. The construction of [27] depends on the assumption that

(L): If H(b_1 ⊗ b_2) ≤ 0 then l(b_1) ≥ l(b_2).

Let u ∈ V_{aff} be an extremal vector and let

N = U_q(g)[z ⊗ z, z^{−1} ⊗ z^{−1}, z ⊗ 1 + 1 ⊗ z](u ⊗ u).

In [27] one also assumes that

(R): For every b_1, b_2 ∈ B_{aff} such that H(b_1 ⊗ b_2) = 0, we have C_{b1,b2} ∈ N of the form C_{b1,b2} = G(b_1) ⊗ G(b_2) − � b^′_1,b^′_2

a_b′_{1,b}′_2 G(b^′_1) ⊗ G(b^′_2)

where a_b′_{1,b}′_2 ∈ Z[q, q^{−1}] and the sum is over all b^′_1 and b^′_2 such that H(b^′_1 ⊗b^′_2) > 0 and l(b_2) ≤ l(b^′_1) < l(b_1) and l(b_2) < l(b^′_2) ≤ l(b_1).

It is conjectured that the existence of the perfect crystal (P) and lower global base (G) is sufficient to imply the other conditions (D), (L) and (R).

5.4.3 The Fock space and the action of the bosons

Under the assumptions (P), (G), (D), (L) and (R) Kashiwara, Miwa, Petersen and Yung define a Fock space F_m. These assumptions are verified for level 1 perfect crystals of types A^{(1)}_n , A^{(2)}_{2n} , B^{(2)}_n , A^{(2)}_{2n−1}, D^{(1)}_n and D^{(2)}_{n+1}. One first defines

∧^2V_{aff} = V^{⊗2}_{aff} /N

and shows that ∧^2V_{aff} is spanned by {G(b_1) ⊗ G(b_2) | H(b_1 ⊗ b_2) > 0} which are called normally ordered. Informally, the relations (R) allows an arbitrary tensor to be written as a sum of normally ordered tensors.

The Fock space F_m is then a suitable inductive limit as k → ∞ of ∧^kV_{aff} . Suppose our perfect crystal B has level l. A sequence {b^∘_m}_{m∈Z} in B_{aff} is called a ground state sequence if ⟨c, ϵ(b^∘_m)⟩ = l; ϵ(b^∘_m) = ϕ(b^∘_{m+1}); H(b^∘_m ⊗ b^∘_{m+1}) = 1.

Define weights λ_m ∈ P of level l by λ_m = wt(b^∘_m) + λ_{m+1} and cl(λ_m) = ϕ(b^∘_m) = ϵ(b^∘_{m−1}) where cl : P → P_{cl}. Set v^∘_m := G(b^∘_m).

A sequence (b_m, b_{m+1}, . . .) in B_{aff} such that b_k = b^∘_k for sufficiently large k is called normally ordered if H(b_i ⊗ b_{i+1}) > 0 for all i ≥ m. The main property of the Fock space F_m is that the normally ordered wedges G(b_m) ∧ G(b_{m+1}) ∧ · · · form a base of F_m. In [27] the action of the corresponding quantized affine algebra U_q(g) on F_m is given. We will not explain the details here, trusting that Section 4.1.2 gives a flavour of what one might expect.

We should remark that the Fock space F_m is endowed with a q-adic topology. All formulae should be shown to be convergent in this topology since a priori some of the formulae below may involve an infinite number of terms. We will however, ignore this technicality in the subsequent discussion.

Let u_m, u_{m+1}, . . . ∈ V_{aff} satisfy u_k = v^∘_k for k sufficiently large. Define the action of B_n for n ≠ 0 by

B_n ·u_m ∧u_{m+1} ∧· · · = (z^nu_m ∧u_{m+1} ∧u_{m+2} ∧· · · )+(u_m ∧z^nu_{m+1} ∧u_{m+2} ∧· · · )+· · · . (5.6)

Theorem 5.8 ([27]). The definition above extends to an action of a Heisenberg algebra H on F_m. As a U^′_q(g) ⊗ H module, we have

F_m ∼= V_{λm} ⊗ Q[H_−],

where V_{λm} is the irreducible U^′_q(g)-module with highest weight λ_m.

The parameters a_i of the Heisenberg algebra H = H^Φ are calculated case by case in [27].

5.4.4 Ribbons, ribbon strips and ribbon functions

Let Φ be one of the affine Dynkin types A^{(1)}_n , A^{(2)}_{2n} , B^{(2)}_n , A^{(2)}_{2n−1}, D^{(1)}_n and D^{(2)}_{n+1}. Fix a ground state sequence (b^∘_m, b^∘_{m+1}, . . .) and let F := F_m denote the q-deformed Fock space described above.

Let S denote the set of normally ordered sequences {(b_m, b_{m+1}, . . .)}. For an element s = (b_m, b_{m+1}, . . .) ∈ S let G(s) denote the normally ordered wedge G(b_m) ∧ G(b_{m+1}) ∧ · · · . As usual, define an inner product ⟨., .⟩ on F by requiring that the normally ordered wedges form an orthonormal basis. Give S and thus F a Z-grading by defining

deg(b_m, b_{m+1}, . . .) = ∞� i=m l(b^∘_i ) − l(b_i).

It is clear from [27] that G(b^∘_m) ∧ G(b^∘_m) ∧ · · · is a highest weight vector for the action of H on F. Let s^∘ = (b^∘_m, b^∘_{m+1}, . . .).

Proposition 5.9. The action of H on F is Z-graded.

Proof. The function l : B_{aff} → Z satisfies l(zb) = l(b) + a for some positive integer a not depending on b; see [27, p.14]. The subspace N ⊂ V^{⊗2}_{aff} is a homogeneous subspace with grading given by deg(G(b) ⊗ G(b^′)) = l(b) + l(b^′). Thus the normal ordering relations are compatible with the Z-grading of F. So the action of B_k has degree −ka.

A ribbon of type Φ is a pair (b, b^′) ∈ S (also written b^′/b) such that � U_1 · G(b), G(b^′) � ≠ 0.

More generally, a horizontal ribbon strip of type Φ and size k is a pair (b, b^′) ∈ S (also written b^′/b) such that ⟨U_k · G(b), G(b^′)⟩ ≠ 0. It is not always the case that the coefficients ⟨U_k · G(b), G(b^′)⟩ are pure powers of q but it seems reasonable to formally define q^{spin(b′/b)} := ⟨U_k · G(b), G(b^′)⟩. By Proposition 5.9, a horizontal ribbon strip b^′/b has a well-defined size.

Define the symmetric functions F_{s/t}, G_{s/t} ∈ Λ_K = Λ(q) for each s, t ∈ S as in Section 5.2.1, which we call (skew) ribbon functions of type Φ. We have F_s := F_{s/s}∘ and G_s := G_{s/s}∘ . I do not know whether the symmetric functions F and G are the same or not. This is the case for Φ = A^{(1)}_n and for Φ = A^{(2)}_{2n} it would be a consequence of the conjecture on p.74 of [27]. By Theorems 5.4, 5.5 and 5.6 we know that the symmetric functions F_s and

G_s satisfy Cauchy and Pieri rules and are also images of a Boson-Fermion correspondence. This suggests that ribbon functions of type Φ should be of independent interest.

In particular, what can one say about the q-Littlewood Richardson coefficients c^λ_{s/s′} (q) ∈ K of type Φ? They are given by either

F_{s/s}′ (X) = � λ c^λ_{s/s}′ (q)s_λ(X) or S_λ · G(s^′) = � s c^λ_{s/s}′ (q)G(s).

We speculate that these coefficients c^λ_{s/s′} (q) can be expressed as power series in q with integer coefficients. We shall return to the element S_λ · G(s^′) later. When s^′ = s^∘, we set c^λ_s (q) := c^λ_{s/s∘} (q).

For the affine Dynkin types Φ ∈ {A^{(2)}_{2n} , B^{(1)}_n , A^{(2)}_{2n−1}, D^{(1)}_n }, the parameters {a_i} for the Heisenberg algebra H^Φ acting on F are given by

a_i =

1 + ξ^i 1 − p^{2i}

where ξ and p are given below.

Φ A^{(2)}_{2n} B^{(1)}_n A^{(2)}_{2n−1} D^{(1)}_n p q^2 q^2 q q ξ −q^{2(2n+1)} q^{2(2n−1)} −q^{2n} q^{2n−2}

The Cauchy identity of Theorem 5.6 thus takes the form � s F_s(X)G_s(Y ) = ∞� i,j=1 ∞� k=0 1 (1 − p^{2k}x_iy_j)(1 − ξp^{2k}x_iy_j) .

For Φ = D^{(2)}_{n+1}, the parameters {a_i} are given by

a_i =

�_{1+q4ni}

1−2q^{2i}−q^{4ni} for m ∈ 2Z,

1 for m ∈ 2Z + 1.

5.4.5 The case Φ = A^{(1)}_{n−1}

When Φ = A^{(1)}_{n−1} we recover the theory of n-ribbon functions studied in Chapter 4. We take B to be the perfect crystal with n elements {b_j }_{j∈[0,n−1]}. For our purposes, the crystal structure will not be important. The affine crystal B_{aff} has elements

{b_{nk+j}′ := z^kb_j′ | k ∈ Z and j^′ ∈ [0, n − 1]}.

Set v_j := G(b_j ). The energy function H : B_{aff} ⊗ B_{aff} → Z is given on B ⊗ B by

H(b_i ⊗ b_j) = � 1 for i > j, 0 for i ≤ j.

We shall take the ground state sequence to be (b_0, b_1, b_2, . . .). There is a bijection between normally ordered sequences (b_{i0} , b_{i1} , . . .) and partitions λ = (λ_1, λ_2, . . .) by setting λ_j = j − 1 − i_{j−1}. The notation here differs somewhat from Section 5.1. The definition of ribbon tableaux and ribbon functions can be recovered from Equation (5.6) and the normal ordering relations {C̃_{i,j}} ⊂ N where:

C̃_{i,i} = v_i ⊗ v_i for i ∈ [0, n − 1], C̃_{i,j} = v_i ⊗ z^{−H(i,j)}v_j + qz^{−H(i,j)}v_j ⊗ v_i for (i, j) ∈ [0, n − 1]2\{(k, k)}.

Here H(i, j) := H(b_i ⊗ b_j ). We have followed the notation in [27] and it differs from that in the earlier chapters by the change of variables q → −q. Using the relations K[z ⊗ z, z^{−1} ⊗ z^{−1}, z ⊗ 1 + 1 ⊗ z] · z^m ⊗ z^m · C̃_{i,j} one can reorder any wedge into a normally ordered one.

For example, the n ribbons which can be added to the empty partition correspond to the n terms in

B_1 · (v_0 ∧ v_1 ∧ · · · ) = (z^{−1}v_0 ∧ v_1 ∧ · · · ) + (v_0 ∧ z^{−1}v_1 ∧ · · · ) + · · · + (v_0 ∧ · · · ∧ z^{−1}v_{n−1} ∧ · · · ).

The other places where one may multiply by z^{−1} all vanish.

5.4.6 The case Φ = A^{(2)}_{2n} Similar analysis may be applicable to the case Φ = D^{(2)}_{n+1}.

Preliminaries We will work through this example following the notation of Section 5.3 in [27]. Begin with a (2n + 1)-dimensional U^′_q(A^{(2)}_{2n} )-module V with level 1 perfect crystal B := {b_i}_{i∈[−n,n]}. Set v_i := G(b_i) ∈ V . Let l : B_{aff} → Z be given by

l(z^mb_j) = � � � (2n + 1)m + n + 1 − j for j ∈ [1, n], (2n + 1)m for j = 0, (2n + 1)m − (n + 1 + j) for j ∈ [−n, −1].

The map l gives a total ordering of B_{aff} . Define the ordering ≻ on [−n, n] by

1 ≻ 2 ≻ · · · ≻ n ≻ 0 ≻ −n ≻ 1 − n ≻ · · · ≻ −1.

Define the energy functions H on B ⊗ B by

H(i, j) := H(b_i ⊗ b_j ) = � 1 if i ≺ j or i = j = 0, 0 otherwise.

Since H(0, 0) = 1, the ground state sequence can be taken to be v_0 ∧ v_0 ∧ · · · . There is an injection from normally ordered wedges G(b_0) ∧ G(b_1) ∧ · · · to the set of partitions given by

G(b_0) ∧ G(b_1) ∧ · · · −→ (−l(b_0), −l(b_1), . . .).

The image of this injection is the set of partitions whose parts are only allowed to repeat if they are multiples of (2n + 1).

Normal order relations

The following normal order relations C̃_{i,j} ∈ N can be used to reorder wedges to make them normally ordered. Recall that [2] = q + q^{−1} was defined in Section 4.1.2. In the following we assume i ∈ [−n, n].

C̃_{i,i} := v_i ⊗ v_i for i ≠ 0, C̃_{i,−i} := v_i ⊗ z^{−H(i,−i)}v_{−i} + q^2v_{i+1} ⊗ z^{−H(i,−i)}v_{−i−1}

+ q^2z^{−H(i,−i)}v_{−i−1} ⊗ v_{i+1} + q^4z^{−H(i,−i)}v_{−i} ⊗ v_i for i /∈ {−1, 0, n}, C̃_{i,j} := v_i ⊗ z^{−H(i,j)}v_j + q^2z^{−H(i,j)}v_j ⊗ v_i for i ≠ ±j, C̃_{0,0} := v_0 ⊗ z^{−1}v_0 + q^2[2]v_{−n} ⊗ z^{−1}v_n

+ q^2[2]z^{−1}v_n ⊗ v_{−n} + q^2z^{−1}v_0 ⊗ v_0 C̃_{n,−n} := v_n ⊗ v_{−n} + qv_0 ⊗ v_0 + q^4v_{−n} ⊗ v_n, C̃_{−1,1} := v_{−1} ⊗ z^{−1}v_1 + q^4z^{−1}v_1 ⊗ v_{−1}.

Using the relations K[z ⊗ z, z^{−1} ⊗ z^{−1}, z ⊗ 1 + 1 ⊗ z] · z^m ⊗ z^m · C̃_{i,j} one can reorder any wedge into a normally ordered one.

Let us rewrite these relations in terms of integer sequences and partitions. First identify G(b_0)∧G(b_1)∧· · · with |−l(b_0), −l(b_1), . . .⟩ even if (b_0, b_1, . . .) is not normally ordered. Then we have the following relations in F, where i < j always lie in [−n, n] and r = hm is an arbitrary non-negative multiple of h := (2n + 1).

|. . . , k, k, . . .⟩ = 0 if k ≠ hm, |. . . , r − i, r + i, . . .⟩ = −q^2 |. . . , r − i + 1, r + i − 1, . . .⟩ − q^2 |. . . , r + i − 1, r − i − 1, . . .⟩ − q^4 |. . . , r + i, r − i, . . .⟩ for i > 1, |. . . , r + i, r + h − i, . . .⟩ = −q^2 |. . . , r + i + 1, r + h − i − 1, . . .⟩ − q^2 |. . . , r + i + 1, r + h − i − 1, . . .⟩ − q^4 |. . . , r + i, r + h − i, . . .⟩ for i > 1, |. . . , r + i, r + j, . . .⟩ = −q^2 |. . . , r + j, r + i, . . .⟩ if i ≠ ±j, |. . . , r + j, r + h + i, . . .⟩ = −q^2 |. . . , r + h + i, r + j, . . .⟩ if i ≠ ±j, |. . . , r, r + h, . . .⟩ = −q^2[2] |. . . , r + 1, r + h − 1, . . .⟩ − q^2[2] |. . . , r + h − 1, r + 1, . . .⟩ − q^2 |. . . , r + h, r, . . .⟩ |. . . , r − 1, r + 1, . . .⟩ = −q |. . . , r, r, . . .⟩ − q^4 |. . . , r + 1, r − 1, . . .⟩ |. . . , r + n, r + h − n, . . .⟩ = −q^4 |. . . , r + h − n, r + n, . . .⟩ .

These relations only allow one to swap entries which do not differ by too much. For entries further apart, we have to apply the element (1 ⊗ z^c + z^c ⊗ 1) to C̃_{i,j}. In other words we can replace each term |. . . , a, b, . . .⟩ by |. . . , a + r, b, . . .⟩ + |. . . , a, b + r, . . .⟩ for some r = hm in the relations above.

Ribbons for n = 1

Let n = 1 so that h = 3. We calculate

B_{−1} · |0, 0, . . .⟩ = |3, 0, 0, . . .⟩ + |0, 3, 0, . . .⟩ + · · · .

The term |3, 0, . . .⟩ is already a partition. Using the normal order relations, we also have

|. . . , 0, 3, . . .⟩ = −q^2[2] |. . . , 2, 1, . . .⟩ − q^2[2] |. . . , 1, 2, . . .⟩ − q^2 |. . . , 3, 0, . . .⟩ = (q^6 − q^2)[2] |. . . , 2, 1, . . .⟩ − q^2 |. . . , 3, 0, . . .⟩ .

|. . . , 0, 2, 1, . . .⟩ = −q^2 |. . . , 2, 0, 1, . . .⟩ = q^4 |. . . , 2, 1, 0, . . .⟩ . So, B_{−1} · |0, 0, . . .⟩ = 1 1 + q^2

|3, 0, . . .⟩ +

�_∞ � k=1 (−q^2)^k(1 − q^4)

1 + (−1)^{k+1}q^{2k} 1 + q^2 � [2] |2, 1, 0, . . .⟩ .

Setting t = −q^2, we compute that ∞� k=1 (−q^2)^k(1 + (−1)^{k+1}q^{2k})(1 − q^2) = ∞� k=1 t^k(1 − t^k)(1 + t)

= � t 1 − t − t^2 1 − t^2 � (1 + t) = t 1 − t . Thus B_{−1} · |0, 0, . . .⟩ = 1 1 + q^2

|3, 0, . . .⟩ +

−q^2[2] 1 + q^2

|2, 1, 0, . . .⟩ .

So for example, there are the two ribbons (3) and (2, 1) which have q^{spin} equal to 1/(1 + q^2) and −q^2[2]/(1 + q^2) respectively. The ribbon function F_{(2,1)}(X) is equal to −q^2[2]/(1 + q^2)s_1(X).

One would like to speculate that the spins of arbitrary ribbons also have a factor of (1 + q^2) in the denominator. At the moment, these brute force computations are not particularly illuminating, but they may become more so if one describes the action of the Bosonic operators in terms of the Young walls in [24]. Also the computation above shows that one cannot naively specialise q = 1 in the computation of the action of the Bosonic operators.

5.4.7 Global bases

Imitating Section 4.1.3, we give a possible definition of a global basis for any of the qdeformed Fock spaces F := F_m described in [27]. Global bases for the subspace V_{λm} were studied in [24]. Our main result will be the analogue of Proposition 4.1.3, connecting these global bases with our generalised ribbon functions. As before we fix a ground state sequence s^∘ = (b^∘_m, b^∘_{m+1}, . . .) and let S denote the set of normally ordered sequences. For s ∈ S let G(s) denote the corresponding normally ordered wedge.

Define a semi-linear involution v → v on F by requiring that for any v ∈ F

qv = q^{−1}v, f_i · v = f_i · v for each i ∈ I, B_k · v = B_k · v for k < 0,

and requiring that the vacuum vector satisfies G(s^∘) = G(s^∘). The fact that such an involution exists and is unique follows from Theorem 5.8, and we shall call it the bar involution. When we restrict the bar involution to V_{λm} = U^′_q(g) · G(s^∘) we recover Kashiwara’s involution [25] from which global crystal bases are usually defined.

An affirmative answer to the following question would justify the study of this involution. Let L(F) denote the free A-module with basis given by the normally ordered wedges {G(s) | s ∈ S}; see [27, Section 4].

Question 5.10. Does there exist a (unique) basis {G_s | s ∈ S} satisfying

(i) G_s = G_s,

(ii) G_s ≡ G(s) mod qL(F)?

We call such a basis the global basis of F (strictly speaking, it should be called the lower global basis). We now give our analogue of Theorem 4.7 which is due to Leclerc and Thibon. Let λ be a partition. Define s(λ) ∈ S by s(λ) := (z^{−λ1} b^∘_m, z^{−λ2} b^∘_{m+1}, . . .).

Theorem 5.11. Let λ be a partition. Then

S_λ · G(s^∘) ≡ G(s(λ)) mod qL(F).

By definition S_λ ·G(s^∘) is also bar-invariant, so that assuming the existence of the global basis, we have G_{s(λ)} = S_λ · G(s^∘). In this case our generalised q-Littlewood Richardson coefficients would again given by coefficients of the global basis: c^λ_s (q) = � G_{s(λ)}, G(s) � . Proof. The operator S_λ is a Q-linear combination of the Bosonic operators B_{−α}. The action of the B_{−k} on a wedge does not involve any powers of q except when applying the normal ordering relations. By Lemma 3.3.2 in [27], the coefficients a_b′_{1,b}′_2 of condition (R) lie in qZ[q]. Thus reordering wedges can only involve positive powers of q and so in particular S_λ · G(s^∘) ∈ L(F). To calculate S_λ · G(s^∘) mod qL(F) we can set q = 0.

Then by condition (R) the only relations that we need to reorder wedges are of the form

Z[z ⊗ z, z^{−1} ⊗ z^{−1}, z ⊗ 1 + 1 ⊗ z] · (G(b) ⊗ G(b^′)) ∈ (N mod qL(F))

for b, b^′ satisfying H(b ⊗ b^′) = 0. Thus for example modulo N + qL(F) we have

(z^{−1} ⊗ 1) · G(z^ab^∘_i ) ⊗ G(z^{a−1}b^∘_{i+1}) ≡ (−1 ⊗ z^{−1}) · G(z^ab^∘_i ) ⊗ G(z^{a−1}b^∘_{i+1}) (5.7) G(z^{a−1}b^∘_i ) ⊗ G(z^{a−1}b^∘_{i+1}) ≡ −G(z^ab^∘_i ) ⊗ G(z^{a−2}b^∘_{i+1}). (5.8)

The only wedges that occur in S_λ · G(s^∘) at q = 0 are of the form

G(z^{am} b^∘_m) ∧ G(z^{am+1} b^∘_{m+1}) ∧ · · · for some parameters a_i ∈ Z. Using H(b^∘_i ⊗ b^∘_{i+1}) = 1, and repeatedly applying (1 ⊗ z^{−1} + z^{−1} ⊗ 1) to the relation (5.8) one can prove by induction that we have

(· · · G(z^{ai} b^∘_i ) ∧ G(z^{ai+1} b^∘_{i+1}) ∧ · · · ) ≡ −(· · · G(z^{ai+1 +1}b_i) ∧ G(z^{ai−1}b_{i+1}) ∧ · · · ) mod qL(F), (5.9) whenever a_{i+1} ≤ a_i − 2.

The reordering relation (5.9) is identical to that of Schur functions s_α indexed by a non-negative integer sequence α = (α_1, α_2, . . . , α_n). Here one defines s_α by (see [55])

s_α(X) = det(x^{αj +j−1} i )^n_{i,j=1} det(x^{j−1}_i )^n_{i,j=1} .

Using this definition of the Schur functions, we see that if p_ks_λ = � μ χ^k_{μ/λ}s_μ for k > 0 then B_{−k} · G(s(λ)) ≡ � μ χ^k_{μ/λ}G(s(μ)) mod qL(F).

So modulo qL(F) the action of the Bosonic operators B_{−k} on normally ordered wedges is the same as multiplication by the power sums p_k on the Schur basis in the ring of symmetric functions. Thus S_λ · G(s^∘ = s(∅)) = G(s(λ)).

Let s̃ = (b_m, b_{m+1}, . . .) be any normally ordered sequence satisfying H(b_i ⊗ b_{i+1}) = 1 for all i and define s̃(λ) := (z^{−λ1} b_m, z^{−λ2} b_{m+1}, . . .). Assuming the existence of the global basis {G_s}, the above proof generalises to give

S_λ · G_{s̃} = G_{s̃(λ)}. (5.10)

This is a direct generalisation of Theorem 6.9 of [40]. The condition for the partition λ^{(0)} in Theorem 6.9 of [40] to be n-restricted corresponds to our condition for s̃ to satisfy H(b_i ⊗ b_{i+1}) = 1. As a consequence of (5.10), one would have the equality c^λ_{s/s̃}(q) = � G_{s̃(λ)}, G(s) � . 5.5 Ribbon functions of higher level

Kashiwara, Miwa, Petersen and Yung also give constructions of higher level q-deformed Fock spaces for the quantized affine algebra U_q(^sl_2). This is generalised in the work of Takemura and Uglov [58] who construct higher level q-deformed Fock spaces for all the affine algebras U_q(^sl_n), using semi-infinite wedges. These Fock spaces are equipped with a representation of the Heisenberg algebra but the Heisenberg algebra is no longer the full commutator of the action of a quantum algebra, as follows.

Let N ≥ 1 and L ≥ 1 be two integers. Takemura and Uglov define an action of H ⊗ U^′_q(^sl_N ) ⊗ U^′_q(^sl_L) on a Fock space F. The action of U^′_q(^sl_N ) is of level L and the action of U^′_q(^sl_L) if of level N. This double action of quantized affine algebras is an example of level-rank duality. When L = 1, we obtain the Fock space representation of [28]. Hence the higher level ribbon functions {F_s} defined using this action of H on F are natural generalisations of ribbon functions.

The parameters of this action of the Heisenberg algebra have not been computed fully, but it is conjectured that ([58, Conjecture 4.6])

a_i =

1 − q^{2Ni} 1 − q^{2i}

1 − q^{2Li} 1 − q^{2i} . The double action of quantum affine algebras should be thought of as part of the action of a quantum toroidal algebra; see [15]. This quantum toroidal algebra is the “Schur-dual” to Cherednik’s double affine Hecke algebra ([59]), so this may eventually give a representation theoretic explaination of the connection between Macdonald polynomials and ribbon functions in [16].

82

Bibliography

[1] D. Barbasch, D. Vogan: Primitive ideals and orbital integrals on complex classical groups, Math. Ann. 259 (1982), 153-199.

[2] S. Billey, W. Jockusch, R. Stanley: Some combinatorial properties of Schubert polynomials, J. Alg. Comb. 2 (1993), 345-374.

[3] N. Bergeron and F. Sottile, Skew Schubert functions and the Pieri formula for flag manifolds, Trans. Amer. Math. Soc. 354 (2002), no. 2, 651-673.

[4] N. Bergeron, S. Mykytiuk, F. Sottile, S. van Willigenburg: Noncommutative Pieri operators on posets, J. Combin. Th. Ser. A 91, No. 1/2, 2000, 84-110.

[5] C. Carré, B. Leclerc: Splitting the square of a Schur function into its symmetric and antisymmetric parts, J. Alg. Combin. 4 (1995), 201-231.

[6] V.V. Deodhar: On some geometric aspects of Bruhat orderings II. The parabolic analogue of Kazhdan-Lusztig polynomials, J. Algebra 111 (1987), 483-506.

[7] V.V. Deodhar: Duality in parabolic set up for questions in Kazhdan-Lusztig theory, J. Algebra 142 (1991), 201-209.

[8] R. Ehrenborg, On posets and Hopf algebras, Adv. in Math. 119 (1996), 1-35. [9] S. Fomin, Duality of graded graphs, J. Alg. Combin. 3 (1994), 357-404. [10] S. Fomin, Schensted algorithms for dual graded graphs, J. Alg. Combin. 4 (1995), 5-45.

[11] S. Fomin: Schur operators and Knuth correspondences, J. Combin. Th. Ser. A 72 (1995), 277-292.

[12] S. Fomin, C. Greene: Noncommutative Schur functions and their applications, Discrete Math. 193 (1998), 179-200.

[13] D. Garfinkle: On the classification of primitive ideals for complex classical Lie algebras II, Compositio Math. 81 (1992) 307-336.

[14] A.M. Garsia, M. Haiman: A remarkable q, t-Catalan sequence and q-Lagrange inversion, J. Alg. Combin. 5 (1996), no.3, 191-244.

[15] V. Ginzburg, M. Kapranov, E. Vasserot:, Langlands reciprocity for algebraic surfaces, Math. Res. Letters 2 (1995), 147-160.

[16] J. Haglund, M. Haiman, N. Loehr: A Combinatorial Formula for Macdonald Polynomials, preprint, 2004; math.CO/0409538.

[17] J. Haglund, M. Haiman, N. Loehr, J.B. Remmel, A. Ulyanov: A combinatorial formula for the character of the diagonal coinvariants, Duke Math. J. 126 (2005), no. 2, 195-232.

[18] T. Hayashi: Q-analogues of Clifford and Weyl algebras – Spinor and oscillator representations of quantum enveloping algebras, Comm. Math. Phys. 127 (1990), 129-144.

[19] N. Jing: Vertex operators and Hall-Littlewood functions, Adv. in Math. 87 (1991), 226-248.

[20] N. Jing: Boson-fermion correspondence for Hall-Littlewood polynomials, J. Math.

Phys. 36 (1995), 7073-7080.

[21] V.G. Kac, A.K. Raina: Bombay Lectures on Highest weight representations of infinite dimensional Lie algebras, Advanced Series in Mathematical Physics, Vol.2, World Scientific 1987.

[22] S.-J. Kang, M. Kashiwara, K.C. Misra, T. Miwa, T. Nakashima, A. Nakayashiki: Affine crystals and vertex models, Infinite analysis, Part A, B (Kyoto, 1991). Adv. Ser. Math. Phys. 16 (1992), 449-484.

[23] S.-J. Kang, M. Kashiwara, K.C. Misra, T. Miwa, T. Nakashima, A. Nakayashiki: Perfect crystals of quantum affine Lie algebras, Duke Math. J. 68 (1992), 499-607.

[24] S.-J. Kang, J.-H. Kwon: Quantum affine algebras, combinatorics of Young walls, and global bases Electron. Res. Announc. Amer. Math. Soc. 8 (2002), 35- 46. [25] M. Kashiwara: On crystal bases of the q-analogue of universal enveloping algebras, Duke Math. J. 63 (1991), 465-516.

[26] M. Kashiwara: Global crystal bases of quantum groups, Duke Math. J. 69 (1993), 455-485.

[27] M. Kashiwara, T. Miwa, J.-U.H. Petersen, C.M. Yung: Perfect crystals and q-deformed Fock spaces, Selecta Math., New Series 2 (1996), 415-499.

[28] M. Kashiwara, T. Miwa, E. Stern: Decomposition of q-deformed Fock spaces, Selecta Math. 1 (1996) 787-805.

[29] M. Kashiwara, T. Tanisaki: Parabolic Kazhdan-Lusztig polynomials and Schubert varieties, J. Algebra 249 (2002), no.2, 306-325.

[30] A.N. Kirillov, M. Shimozono: A generalization of the Kostka-Foulkes polynomials, J. Alg. Combin. 15 (2002), no. 1, 27-69.

[31] A.N. Kirillov, A. Lascoux, B. Leclerc, J.-Y. Thibon: Séries génératrices pour les tableaux de dominos, C. R. Acad. Sci. Paris, Série I 318 (1994), 395-400.

[32] T. Lam: Growth diagrams, Domino insertion and Sign-imbalance, J. Comb. Th.

Ser. A 107 no.1 (2004), 87-115.

[33] T. Lam: Ribbon tableaux and the Heisenberg algebra, Math. Z., to appear.

[34] T. Lam: On symmetry and positivity of domino and ribbon tableaux, Annals of Comb., to appear.

[35] T. Lam: Ribbon Schur operators, preprint, 2004; math.CO/0409463.

[36] A. Lascoux, J. Morse: Tableau atoms and a new Macdonald positivity conjecture, Duke Math. J. 116(1) (2003), 103-146.

[37] A. Lascoux, B. Leclerc, J.-Y. Thibon: Hecke algebras at roots of unity and crystal bases of quantum affine algebras, Comm. Math. Phys. 181 (1996), 205-263.

[38] A. Lascoux, B. Leclerc, J.-Y. Thibon: Ribbon tableaux, Hall-Littlewood symmetric functions, quantum affine algebras, and unipotent varieties, J. Math. Phys. 38(3) (1997), 1041-1068.

[39] B. Leclerc: Symmetric functions and the Fock space representation of U_q(^sl_n), Lectures given at the Isaac Newton Institute (2001).

[40] B. Leclerc, J.-Y. Thibon: Littlewood-Richardson coefficients and Kazhdan- Lusztig polynomials; Combinatorial Methods in Representation Theory, Advanced Studies in Pure Mathematics 28, (2000), 155-220.

[41] B. Leclerc, J.-Y. Thibon: Canonical bases of q-deformed Fock spaces, Int.

Math. Res. Notices 9 (1996), 447-456.

[42] M. van Leeuwen: Spin-preserving Knuth correspondences for ribbon tableaux, Electron. J. Combin. 12(1) (2005), R10.

[43] D.E. Littlewood: Modular representations of symmetric groups, Proc. Royal Soc. London Ser. A 209 (1951), 333-353.

[44] G. Lusztig: Canonical bases arising from quantized enveloping algebras, J. Amer.

Math. Soc. 3 1990, 447-498.

[45] G. Lusztig: Quivers, perverse sheaves and enveloping algebras, J. Amer. Math.

Soc. 4 (1991), 365-421.

[46] I. Macdonald: Symmetric Functions and Hall Polynomials, Oxford University Press, 1995.

[47] A. Mathas: Iwahori-Hecke algebras and Schur algebras of the symmetric group, University lecture series 15, AMS, 1999.

[48] K. Misra, T. Miwa: Crystal base for the basic representation of U_q(^sl(n)), Comm. Math. Phys. 134 (1990), 79-88.

[49] A. Schilling, q-Supernomial coefficients: From riggings to ribbons, MathPhys Odyssey 2001, M. Kashiwara and T. Miwa (eds.), Birkhaeuser Boston, Cambridge, MA, 2002, 437-454.

[50] A. Schilling, S.O. Warnaar: Inhomogeneous lattice paths, generalized Kostka polynomials and A_{n−1} supernomials, Comm. Math. Phys. 202 (1999), no. 2, 359– 401.

[51] A. Schilling, M. Shimozono, D.E. White: Branching formula for q- Littlewood-Richardson coefficients, Advances in Applied Math. 30 (2003), 258- 272.

[52] M. Shimozono, J. Weyman: Characters of modules supported in the closure of a nilpotent conjugacy class, European J. Combin. 21 (2000), no. 2, 257-288.

[53] M. Shimozono, D.E. White: A color-to-spin domino Schensted algorithm, Electron. J. Combin. 8 (2001).

[54] M. Shimozono, D.E. White: Color-to-spin ribbon Schensted algorithms, Discrete Math. 246 (2002), 295-316.

[55] R. Stanley: Enumerative Combinatorics, Vol 2, Cambridge, 1999.

[56] R. Stanley: Some Remarks on Sign-Balanced and Maj-Balanced Posets, Advances in Applied Math., to appear.

[57] D. Stanton, D. White: A Schensted algorithm for rim-hook tableaux, J. Combin. Th. Ser. A 40 (1985), 211-247.

[58] K. Takemura, D. Uglov: Representations of the quantum toroidal algebra on highest weight modules of the quantum affine algebra of type gl_N . Publ. RIMS, Kyoto Univ. 35 (1999), 407-450.

[59] M. Varagnolo, E. Vasserot: Schur-duality in the toroidal setting, Comm.

Math. Phys. 182 (1996), 469-484.

[60] M. Varagnolo, E. Vasserot: On the decomposition matrices of the quantized Schur algebra, Duke Math. J. 100 (1999), 267-297.

[61] D. White: Sign-balanced posets, J. Combin. Th. Ser. A 95 (2001), no. 1, 1-38.

[62] M. Zabrocki: q-Analogs of symmetric function operators, Disc. Math. 256 (2002), 831-853.