Math 116 — Series Worksheet Solutions

Winter 2014

1. Determine whether the following series converge or diverge using the techniques you have learned in
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Here we can use the limit comparison test. Take a, = ntsin(n) ond b, = L. Then limg, o0 & =
nd+3 n n

2, 3 2
limy,— o0 "—%"%”—)“ = liMmpoeo 1‘%1‘4'3‘"—) = 1. Therefore the two series have the same behavior.

n“+sin(n
Zﬂ_l 1 diverges so 3.7, _‘nT-I-J:S_ must also diverge.
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The fastest way to determine convergence here is to remember that factorials grow faster than
exponentials. Therefore lim,_e0 e,f = 00 50 the series must diverge. by T A O K

You can also use the ratio test. For the ratio test we consider limy, %l = limp—eo ﬂ"%ll =

00 so the series diverges by the ratio test.
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(The mtegral test is the best choice for series that are combma.tlons of polynonnals and logarithms> Pl
First we need to check that we can use the integral test. Take f(z) = E‘W then f(x) is positive %
and decreasing so we may use the integral test. We get the integral L md:r Change variables

setting u = In(z). Then du = ;da:. Thus we get the integral fm( 1) ?du. This integral converges by

the p-test so the original series also converges.
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Clearly e™ > e™. Therefore o < e™™ Using comparison Y neoor < Yonge " which is a

convergent geometnc series. Therefore 3 o, zir converges by comparison. ¢},
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hmn_.c,o sin(n) does not exist. Sinee-the-terms-arem’t-going to-zero the series diverges. 5-7 the n™e ter teuh

Z tan(n)

hmn_mo tan(n) does not exist. Since-the-terms aren’t going to-zero he series diverges. by The L teem tes k
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Th1s is a convergent geometric series with z= —1/6. It is also possible to use the alternating series
test to show that the series converges. We know that & is decreasing and has limit zero. Therefore

we may apply the alternating series test to T %}— which tells us that it converges.
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limy, 0 S = 0o since exponentials grow fater than powers. Therefore the series dl\erg&s since-the
terms-don’t-go-to-zero.
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I=tim B, oy ;m =3+, ;:r.ﬁ < 3+ 2o, . We know that Y ome | & converges by the p-test. . . p=3
N3se — Therefore the ongmal series converges by companson.+ ek '
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(P-+sp,p=2) The first thing to notice is that cos('rrn = (-1)*. This sugg%ts that we should try to use the
ie % 5 e alternating series test. limp—ooIn(1 + 1) = In(1) = 0 and In(1 + 1) lS decreasing in n. Therefore
aze the alternating series test applies and therefore Yoo, cos(mn) ln(l + 1) converges.
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OR. = Vse LET. sm(l/x) is positive for z > 1 and is also decreasing so we can use the mtegral test. We want to
. < consider the integral fl sm(l/a:)dm Changmg variables u = 1/z then du = ——»;dz 50 dr = — 2y du.
(¥ aal "
nae L So we get the integral f S'—"g"— Now f w > sin(1) fo Ldu. The final integral diverges by the
_lim  Snn putest therefore fl sin(1 /a:)da: diverges. Thus the integral test tells us 3., sin(1/n) diverges.
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(p-+est p=1) limp 00 cos(1/n) = cos(0) = 1 therefore the terms of the series don’t go to zero so the series
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div, L, Lér: sin(e™™)
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Wieo: LEF>] The graph of y = sin(z) is always below the graph of y = a: when z > 0. Therefore sin(e™") <
lign  Sin /‘ ) ™. Therefore using comparison Zn_l sin(e™") < b Bl . The second series is a convergent
o geometnc series. Therefore the original series converges by compa.nson Fesh,
Wik b L
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im  sinx ()2( ) by a8 fecmAesh.
and Ze"\ - limp— o (—1)"e}™ = lim,,_,0o(—1)™. The limit does not exist therefore the series diverges sinee-the
Az terms-don’t-ge-to-zero.
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conv. by Le. w is positive and decreasing for £ > 4 so we can use the integral test. Therefore we want to FR 4 TesT.

n(x

consider the integral [;° & Wdz Now we should do a u substitution setting u = In(z). Then
/ du = 1ci:t: Since u = In(z) we know that e* = z. Therefore rearranging the equatxon du = 1dzx

we get e“du = dx. Now we get the integral fln( 4 sud fln( 4) (e/u)*du. Once u > e® we see t,hat
EAsi<r s uftant (e/u)* < (1/e) . The integral fln(:z) e “du converges t{:oerefore j;n( 1(€/u)*du converges by
j ] comparison. F inally we now know by the integral test that -7 , K(rT)lﬁTﬁT converges.
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= The best way to approach this series is by using the limit comparison test. n? is growinglmuch
6,0411«/»')'11[:-) faster than n2 cos(n) so n® is the dominant term. Therefore we want to take an = wxrrmtemm)
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and b, = ;3. Then limpso §2 = limy o T ol ey Since n® dominates n? cos(n) in the
3

denominator we have 1im,,_,oo m limp 00 & '-:r = 1. The series Y oo, —7 converges by the
p—test therefore En—Z m(_n? converges by the limit comparison test.
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The presence of factorials and exponentials suggests we should use the ratio test. Therefore we
want to consider the limit lim, o |e—:;%1)1| = limye0 [%l = lim, 00 |‘¢z:n+l1 | = oo since
exponentials grow faster than powers. Therefore the series diverges by the ratio test.
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ln(n)3 g A eim test

Powexs of logant,hms always grow slower than any polynomial therefore lim,,_, o m:; = 00 $0 the

series diverges sinee-the-terms-de-not-go.to-zero. If you didn’t remember this fact you could graph
'W and see that the graph approaches infinity.

Z(—l)“ sin(1/n)

n=1

sin(1/n) is decreasing and lim,_, sin(1/n) = 0. Therefore the above series converges by the
alternating series test.
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There are several ways to approach this series. The fastest way is to use comparison to notice

that zege +1on < m_n = (9/10)™. The series 3 .- ,(9/10)" is a convergent geometric series. Therefore
wiith
an_oim converges by comparison. rake Vo

The ratio test and the limit comparison test would also be good tests to use to show that this
series converges but they will require more effort. For the limit conmparison test you would want
to choose a, = grigw and bp = (9/10)"
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