Review Sheet for Final Exam (Math 156)
1. True or false

a) TRUE. It equals fo (1+ z)dz = (x + £ )

1
_3 i 1
O—E(changeﬁ—mc,ﬁ—wlx)

b) TRUE. It equals [, rdm — In(1+2)|t =In2

¢) TRUE. It equals [ f'(x)dz = f(b) — f(a) by FTC.

d) TRUE. Since fo (z)g" (:c Yz = fol f(x)dg (z) = flz — [ = f()g'(1) —
F(0)g (V)= fy ['(2)g (@)dx = — [§ f'(w)g (x)dw and [ g( f” )dx = fo z) ( ) g(@) f'()]o—

Jo f’as )dg(z) = ()f’(l) 9(0)f (1)—fog(x)f’( Jda = — [y f'(x)g'(x)dz, left hand side equals

right hand side.

e) FALSE. Since fol 4 diverges by p—test = [ % diverges.

f) FALSE. The work done for spring W = f1105 k(x — 10)dz = f05 kxdr = %kx2|g = 200 (N- c¢m)
— k=16 W = [Jk(z — 10)de = [}°kedr = Lka?|," = 800 (N- cm)=8 Joule. (The

general rule is: both starting from the natural length, if the length stretched is doubled, the work

is multiplied by 4.)

g) FALSE. Do not try to find the true CM, it is complicate, instead, draw a graph and think.

Z = 0 is correct since the graph is symmetric about x = 0. But y = % is lower than the actual .

If the region is a rectangle —1 < x <1 and 0 <y < 1, this CM is true, but the actual graph is

well above y = 1 (the lowest point of coshx is 1 at = 0). Actually, the true g = 0.5985.

h) FALSE. A counterexample is an exponential distribution, f(z) attains its maximum value at

x = 0 rather than p = (For normal distribution, the statement is true.)

i) FALSE. The statement describes a linear decay. But the radioactive material obeys exponential

decay (y(t) = yoe™*"), after 100 year (half-life) only 1kg left, after 400 year (1)4 = = kg left.

j) TRUE. Compounded Continuously y(t) = yoe™ = yo(1 + rt + % + Remainder), where t = 2,

r=0.05 = y(2) =2000-(140.05-2+ 1(0.05-2)?) + Remainder = 2210 + Remainder > 2210

(The Remainder is positive.)

k) FALSE. It depends on the stability of the constant solution, if ¢ is stable, the statement is true,

if ¢ is unstable, the statement is false.

- e 12000  _
1) TRUE. Geometric series = T-200F = 30092008 — 2009.




m) FALSE. A counterexample is a,, = =+, b, = n, lim a,b, = 1.

n) FALSE. A counterexample is a, = n++1’ b, = ~ +1 Z a, converges, while nz_:ob diverges.
o) FALSE. A counterexample is a,, = n+r1 a, — 0 as n — oo, but Z a, diverges.
n=0
p) FALSE. A counterexample is a, = (—1)"—=5. > a, converges by AST, but Y |a,| diverges.
n=0 n=0

an+1

n

q) FALSE. Since L = lim

n—oo

= nh—>ngo ﬁ = 1, the ratio test in inconclusive.
r) TRUE. Because the interval of convergence (ioc) is centered at a = 0 in this case, if the power
series converges for x = 2, the ioc must cover —2 < x < 2, x = 1 is in the ioc.

s) FALSE. Do not try to find f®(0) and £®(0) directly, instead, using the Taylor series to derive

them, since the general form for Taylor series f(z) = Y ¢,a™ where ¢, = % = f™(0) =

n=0
(e.9] [e.9]
nl-c,. Since e® = Y Za", f(z) = e =Y S(—a?)" =1 —a® + 32" — 2% + Remainder. Here
n=0 n=0

c3 = 0 since there is not * term, ¢g = —1, thus f®(0) =0, f©(0) =6!-cg = 720 (—1) = —120.

Thus the statement is false.

t) TRUE. Since 1= = 17(1%) = n;o(—l)”x”. Differentiate on both side yields — 1+z) =

> (—1)ymat! = = 3 (<) e

u) TRUE. Since e = iomx”, let x =1, e= 1+1+%+%+ﬁ+---+%---, it is clear than

e > 2. Consideraseries1+1+%+i+%+---+2%+---:1+ i]zin:qul_lé = 3, this series

is greater than the series of e, since except the first three terms ( f; 1,1= 1,% = %), each term in

this series is greater than the corresponding term in the series of e, }l > % = %, 2% = % > % = i,
- if 2,},1 -1, then 5= L 5 = 2n1+1 > n!-(rlerl) = (n+11)!’ since n+ 1 > 2 for n > 1, by induction, the

series of 3 is greater than the series of e, since each term in the former is greater (or equal) the

corresponding term in the latter. Thus 2 < e < 3.

v) TRUE. Recall 1(s), e” = > +a", f(z) = e =% 2 (—a?)" = 1—a?+ 32" — z2%+ Remainder
n=0 n=0

2 . . .y . . o .
= ¢ % > 1—2?since the next term %x‘l is positive, one can show that the remainder is positive

1
—1—
0

(omit here). Thus fol e " dr > fol(l — 1) dr = <:v _ %)

Wl
w

w) TRUE. Since the series is sin J (note that sinz =z — 5a* + 22° — La" +---) and sin § = 1.

x) FALSE. Two ways to show this 1) by L’Hospital rule; 2) by Taylor series, ie substitute Taylor

series of sin z.



sine __ 13,., (sinz)’
= lln’(l) o = = lim <32

x—0

cosT

= =cos0=1.

y) TRUE. Two ways to show this 1) by L’'Hospital rule; 2) by Taylor series, ie., substitute Taylor

series of cos .

1—cosx (1—cosx) sinz __ 1
lim 1=ggee = lim S = lim = = 4,
z) FALSE. lim (1—2)" = lim (14 =2)" =e™* # —¢"

. T —z\ 2 T_,—x\2 2z —2z 2 —2z
aa) TRUE. cosh’z — sinh®*z = (%) — (L) — ef424e7™  eTo24em ™

2 1 i
bb) FALSE. [tanhxdz = [ S22y = [

cosh x

dcosh z = In(cosh z) # sech®h. Note that (tanhz) =

cosh T

sech?z.

cc) TRUE. Since (sinhz)’ = coshz and v/1 + sinh?z = Vcosh?z = coshz, thus sinhz satisfies
the equation.

dd) FALSE. Using the binomial series (1+z)* = 1+kz+-- -, replace x with 2> = (1+2?)* =
14 ka?+- since k=1 VitaZ=(1+a?)7=1+1L 4

. . T —ix s T
ee) TRUE. Since coshiz = “=f— = CSEHSMIFCOSTIASMT — o5y

ff) TRUE. Since €™ = cosm + i sinm = —1 = m = log(—1). (Actually, more rigorous
log(—1) = (2k + 1)mi, where k is an integer.)
gg) FALSE. (§) = & = $24 =20

3131 — 321
10 10! 10! 10
hh) TRUE. () = i = am = (§)-
integration

Question 2 Solution

Note that all these problems are Q—type.

1

VItz-1 (vVItz—1 . e
a) By L’Hospital rule hm 1” L = lim ¢ +z ViFe=" _ iy, 2 o = %
z—0 r—0
h)4 23 2p2 304 . 3 272 3, pd .
b) lim % — lim & +4x h+6x hh+4xh +ht—at _ lim 4z h+6x hh+4xh +ht _ hm(4x3+6x2h—|—4ach2+
h—0 h—0 h—0

h3) = 423 (one can use L’hospital rule, note that ‘h’ is variable here, regard z as constant)

. ["f@)de L’Hospital Rule I f )dz)’ fh) _
) lim o7 lin LG5 = T K2 = £(0)
o o) L'Hospital Rule . (thos@ydey 1. hieh) ) _ 10
d) li - 0 ]1L1~>0 } (h2) _llzlg(lj 2h _}ng(l) 22

Question 3 Solution

a) [dr =L 4C

4z2

b) f 4';);2 dx = f 4-3:02 de = f 4—&32 d(4 + x?) = %ln(ll + xg) -+ C




If you do not like the above way, using variable change u = 4 + 22, du = 2zdx =— dv = %du
[imde = [2-Fdu= [g-du=fInu+C =34+ +C

c) This type of antiderivative, one needs to use substitution x = 2tan@, dr = 2(1 + tan?0)d6

de 2(14-tan? 6) 1 1 _1 z
Tra? = 4+4tan29d9—f2d9—29+C—2arctan2—|—0
Write down this formula anfIQ = %arctanf

d) This type of antiderivative, one needs to use the formula 1 4 sinh®@ = cosh? #, using variable

change x = 2sinh 6, dv = 2 cosh 6d#,

dx 2 cosh 6 _ 2 cosh 6 _ 2cosh 6 _ _ : T _
7= = f\/m = [ A= =d) = [FEggd0 = [d = 0+ C = arcsinh§ + C' =
sinh ™! 5+C

Write down this formula [ \/a‘;% sinh™ £ + C
e) Using partial fraction

1/4 | 1/4 1/4 1/4
4;52_] 2+x(2 z) f(z%:"‘ﬁ)dx: 2J/rd +/ /dx_lln\2+x\—;llln]2—x]+0

f) partial fraction again

S 2% =5 fﬂcm):f(%‘i‘%)dx [z + [ Lde=Ltinjz| - 1|4 — 2|+ C

g) integration by parts

Jasinzdr = [x(—1)dcosz = — [adcosz = —xzcosz + [cosxdr = —xcosz + sinx + C =
sinx —xcosx + C

h) using integration by parts twice

Using integration once

JeTsinzdr = [ e *(—1)dcosz = —e “cosx + [cosxde ™ = —e “cosx — [ e " cosxdx

Using integration twice

T

Je*cosadr = [e“dsinz = e “sinz — [sinzde ™ = e “sinx + [ e “sinadr

Thus
f e ?sinaxdr = —e *cosx —e Fsinx — f e Tsinxdr = 2 f e Tsine = —e ®cosx —e Tsinx
— [e"sinz =5 (—e"cosz — e "sinz) + C = —3e *(cosz +sinz) + C

i) using integration by parts once and using the equality sin®z + cos?z = 1
[sin*zdr = [sinz -sinzdr = [sinz(—1)dcosz = —sinz - cosz + [cosadsinz = —sinz -

cosz + [cos?zdr = —sinz - cosx + [(1 —sin’x)dz = —sinz - cosz + [1dr — [sin®zdz =



2fsin2xd$: —sinx -cosz+x+C = fsin2xd:v: —%sinmcosa:+§—|—0= % —%sin2x+0
A simple way, using sin® z = 1222 sin 2z = 2 coswsinz, (cos2z)? = (1 + cos4x)/2

Thus [sin®zde = [ =922y = £ — sn2t 4 (O
j) using the equality sin®x + cos?z = 1
[sin®zdr = [sin*z-sinzdr = [(1—cos?z)(—1)dcosz = — [(1 —cos’ x)dcosz = — [1dcosz +

[ cos®> zdcosx = —cosx + %008336—1—(7

1—cos 2z

5, Sin2x = 2cosxsinw,

k) using integration by parts will be too complicated, using sin? z =
(cos2x)?* = (1 + cos4z)/2

Thus fsin4 T = f (17«3;)521)2 dr = f 172c0524910+c052 2:1:dx _ f 1—2cos 2z

jlrlfsin2 2x dr

:f(%—%COSQJJ—lSiDQZZL’)dI:%—

i sin 2z — ¢ [ sin® 2zd(2x)

1

4

using 3 i)z—2x

é —_ —
2

1. 1 (2  sindz) _ 3, 1. 1
4sm2x 8( )—Sx 481n2x+3281n4x+0

Question 4 Solution

Using variable substitution v = § — x, du = —dx
0 sin(§ —u) o 0 _rm/2
f7r/2 sin( % —u)+cos(5 —u) (_1)du - fﬂ'/Q cos(f—&s-ginudu —Jo Cos(;oj-:inudu

both u and z are integral variables changing from 0 to i, one may replace them with 6, thus

2

fW/Q —sinb__jg — W/Z —<089__ 6 on one hand, one the other hand foﬂ sin d9—i—f7r/2 _cosf 0 —

0 sin 0+cos 6

fﬂ'/2( i sin 6 4 cos 6 )de — 7"/2 1df = g

sin O+cos 0 sin O+cos 0 sin 0+cos 6

0 sin 6+cos theta sin 6+cos 0
/2 sin @ _ 7T/2 cos 0 _
Thus f smG—l—cosGde sm&—l—cos&de
Question 5 Solution
_ [ 1y _ 1| _
a) convergent by p—test  [* hdx = [[7 (1) de= -1 =1

o0 do

b) divergent by p—test L T= Inz|{" = o0
S dw

) T—

)
d) divergent by p-test fo & = —

o

=I5 C;y divergent by p—test

z ’0 -

e) convergent by p-test fol \d/—”gic = 2\/E|(1) =2

f) divergent by p-test  Since both ffl % and fol £ diverges.

Question 6 Solution

Using substitution 72 — 2rx + a? = y, —2rdx = dy, since x changes from —a to a, y changes from

r? —2r(—a) +a*=r*+2ra+a*= (r +a)® tor* — 2ra+ a* = (r — a)*



1
_ g9 [o dx =Y q (r—a)? —5:dy _q |
V(T) T 2a J—a \/r2—2rz+a2 2a f(r—i—a)2 N 4dar 2\/_ r+a

if r>a

RS

— L (r—al = | +al) =

Q

if 0<r<a

Question 7 Solution

Divide the water into many layers, each is a rectangle with length [, width w, and height dz, put
the origin (z = 0) on the top layer (downward), the work done is fohg-l-w-zdz =g-l-w- %,22‘2 =
% glwh? (where g is the acceleration due to gravity). Actually the center of the mass is on the level
h . . . . .
5, the total mass is [wh, assume p = 1, pumping the water out the top is equivalent to move the
center of the mass from z = % to the top z = 0, thus lglwh2.

Substitute values, the work done is —g 2-1-0.5%2=

From the formula %glth, it is clear that if the width is double, the work is also doubled. If
the height is doubled, the work is multiplied by 4.

Question 8 Solution

a) On z-axis, since one ion is held fixed at x = 0, the distance is z, replace r in F' = —Z—z with z,
2
2 2 2 2 2 2
VVork:fF(x)dx:f3 —Ldr = %3:%_%:%
b) On z-axis, since one ion is held fixed at x = 1, the distance becomes = — 1, replace r in F' = —z—z
. 2 2 2 2 2
with z — 1, Work = [ F(z d:lj'—f3 —ﬁdx: L =L - =L

3
¢) Add the results in a) and b) together Work:% + % = 2¢°. ie, the work can be calculated with

respect to A(z = 0) and B(z = 1), respectively, then put together.
d) Divide the rod into many small pieces, each has width Aw, here we use w to denote the

position of small pieces (w changes from 0 to 1, it overlaps x = 0 to = = 1), for each piece the

charge is gAw, and the force F(z) = — é’iﬁ;, work contributed by each piece = f; F(x)dx =
2

f32 (;va;/d jA;”’ = (322 — 57-) @*Aw. Then we need a second integral for w from 0
3

to 1 to sum all the pieces, Total Work= fo (32 — 32) PAw Auwdw, fo (32 — 32) Pdw =

¢ [~1n(2 — w) +In(3 — w)]|y = ¢ In3 =~ 0.28¢* (this result is reasonable since it is larger than
% ~ 0.16¢° (case a) and smaller than % ~ 0.5¢* (case b), cases a and b are two extreme cases (if
we put all charge to one end of the rod), given that in the three cases (a,b,d) the total charge is

the same.



Question 9 Solution

f(z) = coshzx

a) arclength = f V1+[f(@)2de = f V/1+ [cosh(z)]2dx = md:c = f Veosh? zdx
= f ,coshzdr = sinh z|', = sinh 1 — sinh(—1) = 2sinh 1
b) surface = f o7 f(2)\/1 + [cosh(x)]?dx = 27 [ L cosh’ zdz = 27Tf < z+ez>2dx = 2m(e? —
e 2 +4)

([ cosh® zdx = § cosha sinhx + 32 see review problem for 2nd midterm exam.)
Question 10 Solution

m= [0 fx)de, 7 =L [af(x)de, =L [Lf2(2)dr in (ac,d)

orm = [[[f(x) = g(@)|de, & = % [alf(z) = g(x)ldx, g = = [ 5[f*(x) — ¢*(@)]dw in (b)
(#,9) = (@) (5.3) ®) (1.7 () (0,3) (@) (00, 9)

(d) m = [~ made (

variable change x = tan 0, dz = (1+tan?6)df, x changes from 0 to oo, corresponding to 6 changes

from 0 to § since z = tanf, tan0 = 0, tan § = oo

_ 1 _ 2 1+tan? 6 s _ 1_ =
m=f 7297 = J¢® Tranre® = fo 1df = arctan x|y =
oo jdac 1 NES
T = fo z f(x)dx _ fo 1+z2dx f 1+z _ 21n(1—:x ) 0 — oo Il
m m z T

The area is finite, it has a infinitely large

_ I f2:v)dw_1 %120 dy = L [ 1 (L 2, 9 o 3 _ 2 2+x*ll‘2
= 3 =7 Jo 5(1+w2) dx__fo (1+x2)2dx_;f0 ey dr

%(fo Zl(ii fo 1+ 2)2 )7%<f0 1+z2 fo (1+x )

= 2 (Jarctana|)" - [ 22 ) = 2[4 -+fo°°§d(1+xz)}= (5+% 2l — 1 f )
%( +—-m|oo 4 0 1+$2d1’>:%( +—-1+x2’°o—}1arctanx‘o)
—i(gr0-}g) =2 E=

Question 11 Solution

f(t) = ce™, where ¢ = and t > 0

1000
200

a) Prob(0 <t < 200) = [ ce~dt = —e 2" =1 —¢75 ~ 0.18
b) Prob(t > 800) = [, ce “dt = —e |55 = e75 ~ 0.45

Question 12 Solution

We need to show that [, f(z)dz = 1



_1 - L
= (2 du —2 [ — '%COSQdGZ %9|f%:1
Differential Equations

Question 13 Solution

a) y = —2y, yo = 1 (standard exponential decay) = y=C-e 2.
w=1= C=1 = y(t)=ec? and Jim y(t) =0

b)y =1—2y = % =12y separation of variables —>

i ﬂy = dt integrate both sides

1-2

— —%1n\1—2y\:t+0 — 1-2y=C -2 — yzlfCQ-e*Qt

yozo e C:l > y:1,—2

t . 1
and tliIg) y(t) =35

)y =1-— y2 — dy = (14 y)(1 — y) separation of variables —- = dt partial

dy
(1+y)(1—y)

fraction — dy + 1 dy = dt integrate both sides = $In[l+y| — %ln -yl =t+C

1+y

— In 1—y =2t+C = % = C - e where C is constant may be positive or negative
o2t
= y<t) - g.22t+}
2t
Y=0= C=1 = yt)= z;;} Furthermore y(t) = EEQMFB = 2:2% = tanht
Check... y(t) = tanht is the solution.
thm y(t) =1
d)y = -ty = ‘é—’; = —ty separation of variables =— ‘Z—y = —tdt integrate both sides
— hfyl=—3+C = y= Ce 2t
142

y=1 = C=1 = y(t)=e2
tlimy(t):()

Question 14 Solution

a)y =cie' + et = Yy = e — et = ¢’ = c1e' + et =y, thus it is a solution of

y" =y for any constants ¢, cs.

b)y(0)=1,4/(0) =0 = c1+c=1,c—-c=0 = 01202:% - y(t):%et—i-%e_t
cosh x
)y(0) =0,4(0) =1 = c1+e=0,a-—c=1= ¢ =3,06=-3 = yl) =

1.t _ 1
€ =3

5 et =sinhx

Question 15 Solution




y(t) = yoe ™

y()_40 ( )14><10 1
30 = 40 - ( )14><10 1

t=14x 10754 = 0,581 x 10~
2

Question 16 Solution

/ _ 2500—20y
— 710000

y = 500(125 — y) Newton’s heating/cooling v = k(T — y)
y(t) =T+ (yo — T)e ™ = 125 + (yo — 125)e~ 50
approach to 125 kg.

Question 17 Solution

y(t) =T+ (yo — T)e*kt Note that the patient’s temperature is T, yo = 70°F

95 =T + (70 — T)e~
100 = T + (70 — T)e~ 2
T =

_100T
— 70-T

101.25° F
Question 18 Solution
y = ky(M —y)

M
Y(t) = s

Yo = 10, M = 4000

_ 40000
y(t) = 10+ (4000— 10) ¢~ 1000KZ

measure time in days

20 = 40000
104-(4000—10)e—4000-7k

ko (m)m

¢ 399
£ — 40000
y(®) 10+3990(%)%
let y(t) = 3 - 4000 = 2000, solve ¢ = 532 ~ 60 days.
Series

Question 19 Solution

o0

- 11

a) divergent » i
n=

8

* by p — test of series, p = 1.

n=1



b) convergent since i = = i ) =1 i 3)" = 171 1 < o0.

n=1 n=1 n=0
c¢) convergent by p — test of series, p = 2.

N

d) convergent by Alternating Series Test, 71113)10 Gy = nll_{go # = 0, ap41 < a, and the sign is
alternating.

e) divergent by Ratio Test, L = nhi& dntl ) — nlljg() % . ;‘—j =2>1, (L > 1 divergent)
Question 20 Solution

a) 0.111111.... = 0.1+ 0.01 + 0.001 + 0.0001 + --- = 35 + 05 + To05 T 7005 T ° fj o =
B ) =d =

b) 0.1212121212... = {& + 105 + o005 T = Z S 1) i HEE - R S

100" 100 0100" 100 17% 99

TL_

¢) 0.4000999... = 0.45 + 0.045 + 0.0045 + 0.00045 4 - -- — Tt st

_ 45 o~ 145 1 _ 1 . .
= 100 (1 + 1 10 + ﬁ + Tooo 1000 +- ) = 100 P " T 100 T T-L T 2 (ie. 0.49999999... = 0.5)

Question 21 Solution

oo o
n n
a) Recall that e* = >~ % 2~ — ¢2, where v = 2.
n: n.
n=0 n=0

b) > (£ — —=5) =1 (telescoping series).

oS E=13 (%)n =1 L% = 1 (note that n starts from 1)

3n 1-

n=1 n=0 ,

=~ 1 1=l 1 n\/ 1= on _ 1 1 _ 1 1 _
Y g=52n(3)" =52 6@)|,_1=3 (Zx) =5 ()| =5 aor| .=

n=1 n=1 n=1 3 n=0 x:% T=3 =3
1.1 3
gy
(Note that - ) =1+2r+32?+4a+--- =3 (n+1)z")
e) > % = Z % DY fx”fldxb:l = [ Y 2" de = [ [a"dx = fﬁdw’xil =

n=1 n=1 3 n=1 3 n=1 :c:% n=0 $:% -
—In(1 — x)|$:% = lnﬁ|rl =Ind
(Notethatlnﬁ:ij; + —1—% —ann )
Question 22 Solution
Given that >, % = % note that Z o +1 ——— includes all the odd terms. 21 7712 =odd terms+even

n=1 n=1 n=1 n=1 n:l
0 0
2 2 2 2 2
S T 1 s S 1 _ 7Tt _ 7t _r
6 Zl (2n+1)2 + 46 | (2n+1)2 — 6 24~ 8"
n= n=

Question 23 Solution

10



a) Use |s — s10] < [7° f(x)dx since all terms are positive, where f(z) = %
s — s10l < [1y flx)de = [ Hdw = -1 =0.1

b) Use |s — s10| < apy1 where a,,1 = W since the series is an alternating series.

|s = s10] < tn1 = 17 = 7

Question 24 Solution

Assume the dog starts with A running towards B, it will take —== hr to meet B, during this time

10+2

interval A and B traveled 2 - respectively and the dog traveled 10 -

=50 95,2
10+27 =3 =25-3.

10+2 3

Then the dog will run from B towards A, the distance between A and B becomes 20 — 2 - 10 +2

2 - % = %. Everything is the same except 20 replaced by 430, this time the dog will travel
10 .40 _ 100 _ 22
10+2'?_T_25' (E)

el 2 2)2 2)\3 2)\4 2 2 22 2 1
The series is 25-2+25- (2)"+25-(3)"+25-(3) '+ = 25:-2- (14 24+ ()" + -+ ) = 25- 32y = 50
The question requires to express D as an infinite series, actually a simple way to find the sum is
that using distance = speed X time, where time = 2232 = 5 hr, total time it will take for the two

students to meet, then the distance = 10 x 5 = 50 miles.

Question 25 Solution

Consider an arbitrary sequence of a finial win :

1,—1,—1,-1,1,—1,1,—1,--- ,1,1

where —1 denotes lose, 1 denotes win. The sequence satisfies following properties:
1) It has even number of elements, denote the length of the sequence as 2n (n round), the sum
equals 2, it is required that as, 1 = 1 and as, = 1. The sequence must have a length of an even
number. This is equivalent to, if you generate a sequence with —1 and 1, and the sum of the
sequence is 2, the length of the sequence has to be an even number.
2) In this sequence, ag; 1 = 1 and ag; = 1 (¢ < n) does not exist, otherwise, the game stops at i
round rather than n rounds.
3) In this sequence, ag;—1 = —1 and ay; = —1 (i < n) does not exist, otherwise, the game stops at
1 round rather than n rounds.
4) Thus in each round, there are two cases: eith er {ag;_1 = 1,a9; = —1} or {ag;_1 = —1,a9; = 1}.

In other words, in each round, as;_; and as; have opposite sign, for ¢ < n. After each round
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(¢ < n), the score comes back to zero.
5) The possibility in each round p(1 — p) + (1 — p)p = 2p(1 — p).
6) The possibility for a sequence with a length 2n is [2p(1 — p)]"~1p*.

The total possibility to a final win is

o0 o o0 5
> [2p(1 = p)]"p? = 2 [20(1 = p)]"p? = p* X [2p(1 = p)|" = P* 15T = T
n=1 n=0 n=0
_1 P’ _ 1
P=35 = Topr? — 2
_1 2 _ 1
p=3 = 172§+2p2 =10
_ 3 2 _ 9
P=i = T 10
Question 26 Solution
a) The total length removed = § +2-3-5+4-2-3- 3+ =3 [1—1—%4— (%)2—1—} = %ﬁ =1
b) The number of intervals is a sequence: 2,4,8,---,2" --. and lim n? = co.

n—oo

Power Series, Taylor Series

Question 27 Solution

wn+1
n

a) L = lim

n—oo

points x = +1, the series diverges, the interval of convergence is —1 < z < 1. The sum is ﬁ for

An41
a

= lim

n—oo

’ = |z|] <1 = the radius of convergence is 1; since at two end

-l1<z <Ll
b) L = lim [=2| = lim % =|Z| <1 = |z| <2 = the radius of convergence is 2;
n—oo n—oo

since at two end points x = %2, the series diverges, the interval of convergence is —2 < x < 2.

The sum is > (£)" = 25 = ;& for —2 <z < 2.
n=0

An41

n

¢) L = lim

n—oo

= lim =lz-1<]l = —-1l<z-1<1 =0<2<2 =

n—oo

the radius of convergence is 1 (the length of the interval divided by 2); since at two end points

x = 0 and 2, the series diverges, the interval of convergence is 0 < x < 2. The sum is ﬁ = ﬁ

for 0 <z < 2.
. . n+1 .
d) L = lim [%#| = lim |22 = |7/ <1 = —1<z<1 = the radius of convergence
n—o0 n—oo | (nt1)z
is 1 ; since at x = 1, the series is harmonic series thus diverges, while at x = —1, the series

converges by AST (alternating series test), the interval of convergence is —1 < x < 1. Note that

" = [na"ldr = £ = [2" 'dz the sum is i [a"tde = [ i " dr = [ i [a"dr =
n=1 n=1 n=0

n =

—dr=—In(1—z)=In= for -1 <z <1

12



oo
Z zn

n
An41

n

(n+1)znt+!

nx™

e) L = lim

n—oo

= lim

n—oo

=|z] <1 = —1<zx<1 = theradius of convergence

is 1; since at x = +1, the series diverges, the interval of convergence is —1 < x < 1.

00 00 00 00 !
Note that (l,n)/ — TL[L’nil, Z nr" = x Z nx™ ! = ¢ Z (l’n)/ = r- (Z l’n) = - (ﬁ)/ =
n=1 n=1 n=1 n=0

1 _ T
T T2 = a2

ﬁ = Zl nx"
Question 28 Solution

Namely find ¢, such that f(z) = ﬁ = > cplx+1)™
n=0

rrm b = b [ ) ) ] = T ()= R

n=0
L= lim (@) = lim (BT = (sl <1 — —2<a4+1<2 = —3<w<lthe
radius of convergence is 2 (the length of the interval divided by 2); since at * = —3 or x = 1, the

series diverges, the interval of convergence is —3 < z < 1.

Serr=4 4= 5 =S4 =4+ b+ B
Question 29 Solution .

a) a =0, 1+z — 17(14) = io(—x)"7 the interval of convergence is —1 < z < 1 (by ratio test and
consider the cases z = :i:)n_
b)a=1, 7 = m :%-711%1 =3 i (52)" = %i (23%)", this requires that |%51| < 1

= |r—-1|<2 = —-2<z-1< 2 :> —l<z< 3_ = the interval of converges. (For
x = —1, x = 3, the series Z:O(— )" and Z 1 both diverge.)

e

Question 30 Solution

f(z) =sinha = f£(0) =sinh0 =0
#'(z) = coshz = f(0) = cosh0 = 1
#"(z) =sinhz = f(0) =sinh0 =0
F"(x) = coshz => f"(0) = cosh0 = 1

sinhz = £(0) + f/(0)x + L2 4 L2008 4 — gy 1p3 4 1go. . = 3 2t

o / o ! o
. x2n+1 o x2n+1 o 33277’
coshz = (sinhx) = (Zo ‘(2n+1)!> - ;0 ((2n+1)!> =2 2n)!



Question 31 Solution

o0

. nl.2n+1 133 CC5
sz = ZO(—D el T Tt e T

S x2n I2 CE4
CoOsST = Z<_1)n(2n)! =l-9+%-

n=0
102 2 z3 zb 2 z2 x* 2
sin”x + cos”x = (m—g—i—ﬁ—---) +<1_§+E_"'>

1'4 ZBG $2 ZE4 (E4

:(x2—2§+25+-~>+(1—27+z+2ﬂ+~-):1

Question 32 Solution

B x _ o 2" —x? - (=z?)" _ S nx
ecause e¥ = e _ZT—Z(_U z="

n=0 n=0 ’ n=0
Ti(x) =1 and Ty(x) = 1 — 2?2

Question 33 Solution

Show that 0 < f(z) <1, lim f(x) =1, lim f"(z) = P(1)e~"/*, where P(1) is a polynomial
T—00 xz—0

/2 — 0 exponentially (faster than any polynomial) thus f™(z) — 0

of I, when z — 0% e~
regardless of the form of P(2).

Question 34 Solution

VI =y/a+ ﬁ(m —a)— %a%(x — a)? + Remainder
set a =9
Vi =3+ ¢(x —9) — 55(x — 9)* + Remainder
This is an alternating series, |s — s,| < an41, ie [z — (3 + $(z —9))| < 55(z — 9)?
set x = 10
|v/10 — 3.16666| < 0.00463 < 0.005
The approximate value is 3.16666

Question 35 Solution

Since f(z) =In(l+a) =2 — L + 2 — 2 4 & 4 ... = S (~1)""12" an alternating series,
n=1
thus |s — s,| < apy1 where a,41 = %, let ”f::ll = 1073 (need to evaluate ln% = In(1 4+ %), ie,

T = %), substitute z = % yields TL% = 0.001(n+ 1), test with n = 1,2,3,4,5,6, 7, find that n = 6,
roughly satisfies the equality. n = 6, sg ~ 0.4047, exact value s ~ 0.4055, error is within 1073

Question 36 Solution

The first two nonzero terms

a) tanz = = + g—s + Remainder
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b) e *sinz = x — x* + Remainder

) 1=eost — 1y — L3 + Remainder

¢ T 2

Question 37 Solution

f(@)=Z%, Bo=f(0) =1 By = f(0) = —5 By = f"(0) = ¢ (using L'Hospital rule).

Question 38 Solution
a) f(x) =z, f(0)=0,f(0)=1
b) f(z) =sinz, f(0) =0, f'(z) = cosz, f(0) =1
¢) f(z) =In(1+ ), f(0) =0, f'(x) = 115, f(0) = 1
b) f(z) =e” —1,f(0) =0, f'(z) = e, ['(0) =1
If the functions are graphed in a neighborhood of x = 0, the order they appear (from top to

bottom), consider their Taylor approximations

v=x,sinz=z—¢2%+- In(l+a)=a— 32+ e —1=a+32°

Thus on right hand side of 0, from top to bottom, e* — 1, x, sinx and In(1 + z); on left hand
side of 0, from top to bottom, e* — 1, sinz, z, and In(1 + x).

Question 39 Solution

a) Jo(x) =1— %2 + g—i — -+ it is alternating series.

1 2
fo (1_T>dx:%

5

x® 1
error bound fo 64d = = %0
o0
_ (—1)"2nz3" (—=1)"*+1(2n+2)22n+1
b) JO( ) - E 22n ()2 - Z 22n+2 ((n+1)H2

n=1
00

n9on(2n x2n 2
Ifa) = 3 A

OO y*2n(2n—1)z2"—1 x 1) +1(2n nt-1)z2n+1
$J0( ) Z 222n2 nl)12 z 22(3+;(27)7((+21)<:>)12)
n 2n+1
‘rJO( ) Z ( 212n (nh)2
X (_q)ntlg2ntl n n n
e o(x)" + Jo(w) + xdo(w) = 3 S [222(711%)2 + AR — 1] =0

n=0
Thus Jo(z) satisfies zy” + v’ +xy =0

Question 40 Solution

oo / o
a) f(t) = (th") =14+ t+2t+32+483 4+ = > (n+ 1)t"
n=0 n=0
(0.9] 2 oo
f2(t) = (Zt“> =14+t+2t+32+43 4+ = S (n+ 1)t"
n=0 n=0
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Thus f(t) = f3(t), f(t) is solution of ¢’ = y? and f(0) =

dy
dt

:y2:>j—y dt:>fdy [dt = -

t+0 = y= -4

b)y =y = ot

1
Y

t" Geometric Series.

NgER

Substitute initial condition ¢t = 0,y — (= —1,thusy = ﬁ =

n=0

Question 41 Solution

fooo sma:dx _ Z fn:+1 ™ smxd fﬂ' sm:cd + Z fn;’:“‘l ™ sm:cd < foﬂ smzdm + Z fn;’:‘H ™ smxd

since in each mterval T > nm

Jo e < [T e+ 2 lﬂ"“)” sinade = [ e+ 13 seoss|VEUT [T dinagy 4
1 Z cos nm—cos(n41)m fﬂ' sm:rd + Z fﬂ- S‘g$dm—}- = Z (_i)n converges since then =0
n 1 n=1

term is finite (note that hII(l] sz 1) and by AST.

b) fooo {¥| dr Z fnn+1 |s12x|dx _ f \smx\d +Z fnnJrl |smz|d > foﬂ smwd +Z fnnJrl (Eff;lﬂ_d
since in each 1nterval x < n(+1)7r
) . [e.e] [e.e]
[y e > 7 e L S5 [0 el de = 7 st LSS 2 = ey 2 S oL
n= n=1 n=1
diverges since the series is Harmonic Series.

Question 42 Solution

siny = x — %x?’ + éxf’ +--=x— %x3 + %Oﬁ + ---. It is an alternating series |s — sq| < a3

sinf-Z+1-(2)" < 5 (2)°
|sin T — 0.586977| < 0.000816

Question 43 Solution

o0
_ 1 1 _
a>#b‘%‘H%—%'l_(_%)—%'z(_%

a __ a a a? _a a
m—z(1—3+b—z+"')—z—b—2+b—a+“'
b) using the Theorem
(1+z)f=1+kz+ k D@24 for —1<z<1
i Lyl_q 2
1/RQ_/FQ:R 1 R2_R<1_R_22>2:R|: _%.2_22_{_(2)(22 )(_2_22) _i_...}:R—g.%_

3
r T
g.—FE3_i_...

Question 44 Solution

Starting from the formula derived in class, f(x) = f(a) + -, replace xt - x + h,a — x, ...

Question 45 Solution

a)lety=0 = z=+(1+¢),let =0 = y==+l1
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b) Solve y — ny() i\/1_<1+e)2
_2f1+6 \/1— 1+E x =4 1+6\/1_(1+e)2dx

(=4 [ \/—(1+€)dx—4(1+e) fe /1 _ L (1+e) 2 = 4(1+e) [ VI — uldu =

41+ e)% =(1+em
The first two nonzero terms are m -+ 7e.

Question 46 Solution

_ Gmy Gmg : _ Gmy Gmo
Vi) = 2y + o for e —oode, 2 >mpand v > 00— V() = 20- 4 2

Using the hint set y = 1/, ie., z = 1/y and expand the potential in powers of y

V(1/y) = poms  fme — fmuy 4 ey

1/y—x2 1-z1y 1—zoy

Using Geometric Series Formula - Z (;y)" where i = 1,2
=0

V(1/y) = Gmyy Z (z19)" 4+ Gmay Z (x2y)" = Gmy Z 22y 4+ Gimy Z 2ty = (Gmy +
Gma)y + (Gmyz, + szxz)y + (Gm1;20+ Gmozd)y? + - " "
change y = ; back
V(r) = (Gmy + sz)% + (Gmyzy + Gn’LgacQ)w—l2 + (Gmyx3 + szxg)x% 4.
Thus a = (Gmy + Gmy), b = (Gmyz1 + Gmaxs), and ¢ = (Gmyz3 + Gmoz?)

Question 47 Solution

Find the quadratic Taylor approximation at z = xq, ie., ¢ + ¢1(x — o) + ca(x — 20)?
using the Theorem

1+z)f =1+ke+ kl) 24 for—1<z<1

v =i 2] = [() -2 (2) ] v (=) -a(emm) ] -
Vo [(H%)_m 9 (1+%)_6}

using the above Theorem

(1 2m) ™" =1 - ey SN (e g 20— )+ B — )
(1 + %>_6 =1- 62zt  COCED (eom)? o - %(x — o)+ Bx —20)* + -+
V(x):VO[( — 2z~ ZL’o)—i—%(I—IL‘O : ) ( (x —xo —i—%(x—xo)z)}—k---
:%[—1+2—§(x—x0)2]+ = Vo + 364 (z — )” +-

17



To(x)=—Vo + 36};—%@ — z0)?

Question 48 Solution

using the Theorem

(1+2)f=1+ke+ k(kgl)xQ + k(k_lg)!(k_z)a:‘g + wgﬁ +--for 1<z <1

(1 + :1:2)k =1+ k‘[EQ + k:(k;2—1)x4 + k(k—l?))!(k—Q) 336 + k(k—l)(/z!—Q)(k—?)) .CES 4.

101 1017yl 1011yl oyl
(14+a2)s =14 1224 2600 2GVG 00 2GVGAG s 4 1p2 Lpd g Lo
5@ 4 -+ it is an alternating series.

Using the first order Taylor approximation T (z) = 1, |S — T1| < as = 222 where S denotes
the exact value.

fol V14 22dx ~ fol ldx = x|(1) =1

The error is bound by [ %xzdx = %x:s‘(l) = %
binomial series
Question 49 Solution

a) Show that (kH) =

n+1

() + (i)

This is true since the left hand side is number of ways of choosing n+ 1 objects from a set of k+ 1
objects (disregarding the order in which the objects are chosen).

The right hand side means that: assume all £ + 1 objects are white, one may randomly pick one
object from the k + 1 objects, coloring it red, then put it back. Now choose n + 1 objects from
these k + 1 objects, there are two different situations: one situation is that the red one is chosen,
the number of ways is (Z) (it is equivalent to choosing n from k objects); the other situation is
the red one is not chosen, the number of ways is (nil) (it is equivalent to choosing n + 1 objects
from k objects).

The left hand side equals the right hand side, since it is the same thing, choosing n + 1 objects

from k + 1 objects.

(k+1) (kD) RN(R+D) Kl (k—ntnt1) k- (k—n)+k!-(n+1) B(k=n) o K(nt)
ntl) T mADk—n)! — A Dk—n)  (mtD)lk—n)  (mtD)l(k—n)! (it D(k—n)! | (nD)i(k—n)

(n+1)!(1;c!fnfl)! + n!(kkin)! = (nfcu) + (]:L)
b) (o) 1
(o) (1) 11

18



6 @) G 121
(o) () G) () 1331
(o) () G) () () 14641
(o) () G) () @) G 1510 10 5 1
() () G) () G 66 1615 20 15 6 1

Denote elements in the triangle as ay,, nth element on kth row. Each subsequent row is
obtained by adding the two entries diagonally above,

pyinpt = Gon + arnrrs e, (001) = (0) + (5)-

¢) The next two rows are added in b).

(a+b)° = (5)a® + (5)a®b+ (5)a’® + (5)a’s® + (§)a®b* + () ab® + (5)b° = a® + 6a°b + 15ab* +
20a30® + 15a%b* + 6ab® + b°
complex numbers

Question 50 Solution

a)1+i (r=1,y=1 already in Cartesian form
)

)
(14i)?=142i+i*=1421—1=2 (z=0,y=2)

b

) (14 =0+0)*1+i)=2i(1+4)=-24+2 (x=-2,y=2)

d) 1+rz - 1+z()1(11)1) - 11:72 - 1—1(+—i1) - % - % + %Z (= %,y - %)

e) V1+i= (ﬂe%i)%:ﬁe%i:ﬁ(cos%—i-isin%):ﬁcos%%—zﬁsin% (r=2icosL,y =
27 sin T)

Question 51 Solution

a) See 49 ¢) (1+1)° = 146-i+15-4°+20-i*+15-3* +6-i° +46 = 14+6i —15—20i+154+6i— 1 = —8i
b) 14+i = v2ei, sincear =1,y =1, 7 = /22 + 92 = V2, § = arctan¥ = arctanl = T,
e = /e’

(143 = (VEeH)P = 28emi = Peri = 8(cos b + i sin br) = —8i

Question 52 Solution

a) 22 +2:-2=0 = a=1,b=2,c=-2, 215 = _bivg_‘l‘w = _2i2” 8 — 1+ /3 two real

roots
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b) 2492492 =0 = q= 1,b=2¢c=2, 210 = *bi\/21574ac _ —2:|:2\/4—8 _ —212\/?4 _ —2i§ﬁ _

—1xv—-1=—-1=%1

C)Z2:1 — 2’172::|:1

o,

) 2>=1 = three roots: z; =1 and 293 = —% j: \[

o
w
I

)zt=1 = 22=41 = fourroots: 219 = +1, 234 = +i
)

)

e* = 1 on real axis there is on root z = 0, but in complex plane there are infinite roots, let
z=x+yi, e ="V = e%(cosy + i siny) =1 = x =0 and y = 2km, where k is any integer,
roots are z; = 2km 1.

Question 53 Solution

(cosf +isind)" = (e”)" = e"¥ = cosnf + i sinnd

Question 54 Solution

feaxcosbxdrc = fe‘””%dsinba: = %e‘” -sinbx — f%sinba:dea‘” = % -sinbx — f Le9% gin bx dx =

%e‘m -sin bx — %e“w (—%) dcosbr = %e‘m -sin bx + f b%e“‘” dcosbr = %e‘” -sin bx + ,;%e‘“ -cosbr —

. 2
I;%fcos bxr de®* = %6‘” - sinbx + I%e‘” - cosbr — g—gfe‘w cosbrdr = [e*cosbrdr = %e‘“”
. 2 2 .
sin bx + ;26‘“” cosbr —4& = [ ™ cosbrdr = (1 + ‘;—2> f e cosbx dx = %e‘”-sm bx + g”ze‘” cos bz

— [e"cosbrdr = a2+b2 (b-sinbx + a - cosbzr) + C
fe‘” sinbx dx = fe‘“’" (——) dcosbr = —Let.cos ba:‘—i—f Lcosbr de®™ = —Le®.cog b:z:+f L% cosbr dr =
b b b b b
ll) ax cosbac—l—f“ ax 1dsmbm— —11) ax cosbx—f—bee‘”dsinbx: —11) 4. cosbr + e - sin bx —
b%fsinbm de®* = —%e” -cosbxr + lfzeax sin bx — Z—zfeax sinbrdr = [e™sinbrdr = —;
. 2 . 2 . .
COoS bx—l—,%e“””-smbx—‘g—z e“sinbrdr — (1 + 2_2) fe‘“‘ sinbx dxz = —%e‘w-cos ba:+b%eaw-smbx

— [e“sinbrdr = (a-sinbx —b-sinbz) +C

eaw
a?+b?

b) 6(ULJrib)nc — eaeriba: — 0% . eibx — ooz (COS br + 7 sin b{L‘)

a+ib)x _ a+ib 1-(a—ib) a+ib)x __ a—ib _(a+ib)x
fe( S = a-‘rzb el = me( 7 = a2+b? el )
since [ el Tdy = [ (e cosbr + i e sinbx) dr = [ €™ cosbr du+i [ e sinbx dr = 4= eleti0)T =

(acosbr + bsinbx) + i [=5

a-ib (e cos br + 7 €% sin br) = %(a sin ba — bsin br)]

ear
a? +b2 a? +b2

Thus [ e cosbx dx = 2+b2 (acosbr + bsinbx) and [ e sinbz dx = fbe (asinbz — bsin bx)

Question 55 Solution

a) since € = cosx + i sinz and e = cosz — i sinx = €% +e ¥ =2cosr = cosxT =
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b) % —e ™ =2isine = sinz =<

d _ d eiT 4 p—im _ jeit_je—ir (ieiz_iefiz)i _ _glwge—iz o

€) gz COST =g ( 2 > - 2 = % = 2 = —sinx
d o _ d [e¥—em®) _ ie4ie” ™ _ el®fei®

d);SlHl‘—ﬁ( 2i >_ 2% = ) = COST

d
1 =e@. e ®(cosy +isina) - (cosz — isinx) = cos?x — i?sin* 2 = cos? x + sin’z
€2 = cos 2z + i sin 2z
2zt __ i T __ . I _ 2 .9 : 2 2 e 2. _
e = ™. " = (cosx +isinx)(cosx + isinz) = cos®x + i - 2cosxsinx + i*sin® x = cos® x
+ 2 . .
sin®x +14-2coszsine

Thus cos 2x = cos? 2 — sin® x (g) and sin 22 = 2sinx cos x
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